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§9.7 �©/ª*

3 §9.3 ¥, ·�0�
¼ê��©. =�½��½Â3 D ⊂ E = Rn þ���¼ê
z = f(x) = f(x1, · · · , xn), K f 3�: x = (x1, · · · , xn) ��©´

df(x) =
∂f

∂x1
(x) dx1 + · · ·+ ∂f

∂xn
(x) dxn

�Ò´`, ¼ê f ��© df , Ò´ dx1, dx2, · · · , dxn ��5|Ü, Ù|ÜXê´¼ê

éA� �ê.

Ïd·�½Â dx1, dx2, · · · , dxn ?¿��5|Ü

ω = A1(x) dx1 + · · ·+ An(x) dxn

��g�©/ª, ùpXê Ai, i = 1, · · · , n ´Cþ (x1, · · · , xn) �¼ê.

5¿, �g�©/ª�7´��¼ê��©, Ø�§�Xê�ÐéA��¼ê� 

�ê. Ïd�g�©/ª�½Â, ¦·�{ø
äN¼ê�åP, Ø2��3äN¼ê

��©, ´í2��©�/ª.

�
?�Ú`²�©/ª�¿Â, ·�±n��m��©/ª�~.

9.7.1 �©/ª��m

Äk3 dx, dy, dz �m½Â�«¦{, ¡�/	È0, §÷ve�	È$��Ä�

5Kµ

dx ∧ dx = dy ∧ dy = dz ∧ dz = 0

dx ∧ dy = − dy ∧ dx, dy ∧ dz = − dz ∧ dy, dz ∧ dx = − dx ∧ dz,

�õ� dx, dy, dz ?1ë¦�, �âþã5K�±��gS, �ë¦¥ekü���,

Ò�½´", �k dx ∧ dy ∧ dz ´�²��.

r { dx, dy, dz}!{ dy ∧ dz, dz ∧ dx, dx ∧ dy} ±9 { dx ∧ dy ∧ dz} ©Ow¤)
¤�, §��g�5)¤���©O¡�/�g!�g!ng�©/ª0½{¡//ª0.

Ó�·��½���¼ê�/0 g�©/ª0, V)å5=´µ� Ω ´ R3 ¥�«�

0 g�©/ª: Ω þ��¼ê£½¡êþ|¤z = φ(x, y, z) , Ïd�P�

ω0
φ = φ

1 g�©/ª: dx, dy, dz ��5|Ü A dx + B dy + C dz, Ù¥ A,B,C ´ Ω þ

�¼ê. �g/ªéA��½Â3 Ω þ��þ| v = Ai + Bj + Ck, Ïd�g/ª�

P¤

ω1
v = A dx+B dy + C dz.
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2 g�©/ª: dy ∧ dz, dz ∧ dx, dx ∧ dy ��5|Ü D dy ∧ dz +E dz ∧ dx+

F dx ∧ dy, Ù¥Xê D,E, F ´ Ω þ�¼ê. ���g�©/ª�éA Ω þ���þ

| v = Di+ Ej + Fk , ÏdP�

ω2
v = D dy ∧ dz + E dz ∧ dx+ F dx ∧ dy.

3 g�©/ª: ng�©/ª½Â� h dx ∧ dy ∧ dz, Ù¥Xê h = h(x, y, z) ´ Ω

þ�¼ê, ÏdP�

ω3
h = h dx ∧ dy ∧ dz

w,, �â dx, dy, dz �m�	È'X, n��m¥Ø2kÙ¦/ª��©/ª
.

,��¡, Óg��©/ªäk�5�m¥�þ¤äk�ê¦Ú\{$�.

9.7.2 �©/ª�	È

ò'u dx, dy, dz �m�	È$�í2��©/ª¥�, Uì dx, dy, dz �m�

	È$��Ä�5K, ¿5½�©/ª�m�	È÷v(ÜÆÚéÓg�©/ª\{�

©�Æ. äN$�(JXe:

1◦ éuü��g/ª

ω1
vj = Aj dx+Bj dy + Cj dz, j = 1, 2,

�â	È$��Ä�5K, §��	È�

ω1
v1
∧ ω1
v2

= (A1 dx+B1 dy + C1 dz) ∧ (A2 dx+B2 dy + C2 dz)

= (B1C2 −B2C1) dy ∧ dz + (C1A2 − C2A1) dz ∧ dx+ (A1B2 − A2B1) dx ∧ dy

Ïd´���g/ª. 5¿�ù��g/ªéA��þ|�´ü��g/ªéA��þ

| v1 = A1i+B1j + C1k Ú v2 = A2i+B2j + C2k �m�¦�(J, =

ω1
v1
∧ ω1
v2

= ω2
v1×v2

2◦ ���g/ª ω1
v = A dx + B dy + C dz ����g/ª ω2

u = P dy ∧ dz +

Q dz ∧ dx+R dx ∧ dy �	È, Uì	È$��Ä�5K, Ù(J´��ng/ª

ω1
v ∧ ω2

u = (A dx+B dy + C dz) ∧ (P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy)

= (AP +BQ+ CR) dx ∧ dy ∧ dz.

Xê AP +BQ+ CR �´�þ| v = A1i+B1j + C1k Ú u = P i+Qj +Rk �:¦

ω1
v ∧ ω2

u = ω3
v·u
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3◦ n��g/ª ω1
vj = Aj dx + Bj dy + Cj dz, j = 1, 2, 3 �	È´��ng/

ª, �â 1◦ Ú 2◦, ØJ�Ñ

ω1
v1
∧ ω1
v2
∧ ω1
v3

= ω3
v1×v2·v3

4◦ 0 g/ª ω0
φ = φ(x, y, z) �?Û/ª�	È�u φ ¦±�©/ª�Xê. ~X

0 g/ª��g/ª ω1
v = A dx+B dy + C dz �	ÈE��g/ª

ω0
φ ∧ dω1

v = φA dx+ φB dy + φC dz = ω1
φv

Ø
þão«�¹, n��m¥�©/ª�	È2�vkÙ¦�²���¹
.

9.7.3 �©/ª�	�©

·���, ��"g/ª�¼ê φ, §��©´���g/ª. y3�¯K´, �

g£½ö�pgê�¤�©/ª�Ä�©? ,��¡, ���½��g/ª, ´Ä�±L

«¤��"g�©/ª��©? �d·�½Â�©/ª��«�©, ¡�	�©, §´

¼ê (= 0 g/ª) �©�í2.

� Ω ´ R3 ¥�«�, ±eþb�¤�9�¼êÚ�©/ª�Xê3 Ω þ���

 �êÑ´ëY�.

½Â�©/ª�	�©´��l$g�/ª�p�g�/ª�N�

d : p g/ª −→ p+ 1 g/ª

éun��mþ��©/ª, 	�©�äNL§Xe

1◦ éu"g/ª ω0
φ = φ, §�	�©½Â�

dω0
φ =

∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz,

=´¼ê��©, (J´���g/ª, Xê�´¼ê φ �FÝ�n�©þ

dω0
φ = ω1

gradφ = ω1
∇φ

2◦ �g/ª ω1
v = P dx+Q dy +R dz �	�©½Â�

dω1
v = d(P dx+Q dy +R dz) = dP ∧ dx+ dQ ∧ dy + dR ∧ dz

Ï� P, Q, R Ñ´¼ê (�Ò´ 0 g/ª), §���©®d 1◦ ¤½Â, Ù(J´��

�g/ª, ~X

dP =
∂P

∂x
dx+

∂P

∂y
dy +

∂P

∂z
dz
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��, �\�

dω1
v =

(
∂P

∂x
dx+

∂P

∂y
dy +

∂P

∂z
dz

)
∧ dx+

(
∂Q

∂x
dx+

∂Q

∂y
dy +

∂Q

∂z
dz

)
∧ dy

+

(
∂R

∂x
dx+

∂R

∂y
dy +

∂R

∂z
dz

)
∧ dz

=

(
∂R

∂y
− ∂Q

∂z

)
dy ∧ dz +

(
∂P

∂z
− ∂R

∂x

)
dz ∧ dx+

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy

Ù(J´���g/ª. Ïd dω1
v éA��þ|�´ v �^Ý

dω1
v = ω2

rotv = ω2
∇×v.

3◦ �g/ª ω2
v = P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy �	�©½Â�

dω2
v = d(P dy ∧ dz +Q dz ∧ dx+R dx ∧ dy)

= dP ∧ dy ∧ dz + dQ ∧ dz ∧ dx+ dR ∧ dx ∧ dy

r dP, dQ, dR �L�ª�\, �

dω2
v =

(
∂P

∂x
+
∂Q

∂y
+
∂R

∂z

)
dx ∧ dy ∧ dz.

§´ng/ª

dω2
v = ω3

divv = ω3
∇·v.

w,, 3n��m, ng/ª�	�©o´" dω3
h = 0.

éu	�©$�, kXe�� Poincaré Ún.

Ún 9.28 (Poincaré) � ω ´���©/ª, ÙXêäk��ëY� �û, K

d2ω = d( dω) = 0

y² ·�Ø�én��m��g�©/ª��\±�y.

1◦ � ω = ω0
φ = φ(x, y, z) ´�� 0 g/ª�,

dω0
φ = ω1

gradφ =
∂φ

∂x
dx+

∂φ

∂y
dy +

∂φ

∂z
dz,

´���g/ª, UYéÙ�	�©�

d2ω0
φ = dω1

gradφ = ω2
rot gradφ = 0

2◦ � ω = ω1
v = P dx+Q dy +R dz ´���g/ª�,

dω1
v = ω2

rotv
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´���g/ª,u´

d2ω1
v = dω2

rotv = ω3
div rotv = 0.

3◦ � ω = ω2
v ´���g/ª�, �©�g, K dω ´��ng/ª, 2�©�g,

g,k d2ω = 0. �

½Â 9.29 éu�½�£�!�!ng¤�©/ª ω, XJ�3��$�g�/ª

θ, ¦� ω ´ θ �	�©, =k ω = dθ, @o¡ ω ´��T��©/ª.

½n 9.30 [Poincaré Ún�_½n] XJ ω ÷v dω = 0, �§�½Â�÷v�½

^�, @o§´T��.

ùp, �
{ü`², ·�Ø2�Äþã½n¥éu�©/ª½Â���¦.

~ 9.7.1 � ω = y dx+ z dy+ x dz, K dω = − dy ∧ dz− dz ∧ dx− dx∧ dy 6= 0,

¤±Ø´T��, =Ø�3�� 0 g/ª θ ¦� ω = dθ. ½ö` ω ØUL«¤¼ê�

��©.

~ 9.7.2 � ω = yz dx+ zx dy+ xy dz, K dω = 0. N´wÑ§´¼ê (0 g/ª)

θ = xyz ���©: ω = dθ.

éuT���©/ª ω , XÛ�E��/�/ª0θ, ¦� ω = dθ£a'��¼ê�

�¼êVg¤, AT´��È©�L§. ·�ò3Ú?�È©Ú¡È©��?Ø.

9.7.4 �©/ª3p��m�í2

�©/ª3p��m Rn �í2Xe:

0 g/ªÒ´ n ���¼ê��N.

�g/ªÒ´ dxi, i = 1, · · · , n ��5|Ü
n∑
i=1

ai(x) dxi

�g/ª´ dxi ∧ dxj , 1 6 i < j 6 n ��5|Ü∑
16i<j6n

aij(x) dxi ∧ dxj .

í2�, p g/ªÒ´ dxi1 ∧ · · · ∧ dxip , 1 6 i1 < · · · < ip 6 n ��5|Ü∑
16i1<···<ip6n

ai1i2···ip(x) dxi1 ∧ · · · ∧ dxip

p g/ª��N V p �¤��
(
n
p

)
���m.
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 n g/ªÒ´

a(x) dx1 ∧ dx2 ∧ · · · ∧ dxn.

ùp, 	È�$��Åe��K

dxi ∧ dxj = − dxj ∧ dxi, 1 6 i, j 6 n.

¤kXêÑ´�m E ¥«� Ω þ�këY �û�¼ê. Ïd, ��/§�� p g/

ª ωp Ú�� q g/ª ωq �	È´�� p+ q g/ª

ωq ∧ ωq ∈ V p+q

¤½Â�	�©/ d0, ´���±�5Úê¦�N�

d : V p −→ V p+1, p = 0, 1, · · · , n− 1.

SK 9.7

1. O�

(1) (x dx+ y dy) ∧ (z dz − z dx)); (2) ( dx+ dy + dz) ∧ (x dx ∧ dy − z dy ∧ dz).

2. ée��©/ª ω, O�§���©, =O� dω

(1) ω = xy + yz + zx;

(2) ω = xy dx;

(3) ω = xy dx+ x2 dy;

(4) ω = x2y dx− yze2 dy + sinxyz dz;

(5) ω = xy2 dy ∧ dz − xz2 dx ∧ dy;

(6) ω = xy dy ∧ dz + yz dz ∧ dx+ zx dx ∧ dy;

1 9 ÙnÜSK

1. � a1, a2, · · · , an ´�"~ê. f(x1, x2, · · · , xn) 3 Rn þ��. ¦y: �3 R þ�
���¼ê F (s) ¦� f(x1, x2, · · · , xn) = F (a1x1 + a2x2 + · · ·+ anxn) �¿©7�

^�´ aj
∂f
∂xi

= ai
∂f
∂xj

, i, j = 1, 2, · · · , n.

2. � f(x, y, z) = F (u, v, w), Ù¥ x2 = vw, y2 = wu, z2 = uv. ¦y:

x
∂f

∂x
+ y

∂f

∂y
+ z

∂f

∂z
= u

∂F

∂u
+ v

∂F

∂v
+ w

∂F

∂w
.


