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�ê5y (Integer Programming, IP)

I �¦�Ü©½�ÜûüCþ��ê��5y¯K¡��ê5
y(integer programming).

I Ø�Ä�ê�å^�§d{e�8I¼êÚ�å^��¤�
5y¯K¡�T�ê5y¯K�tµ¯K(relaxed problem).

I eTtµ¯K´���55y§K¡T�ê5y��ê�5
5y(integer linear programming, ILP).

�ê�55yêÆ�.���/ªµ

min
x

/max
x

z = cT x

s.t. Ax = b
x ≥ 0

x �Ü©½�Ü©þ��ê

ÏLétµ¯K��`)?1“�\z�"���:§½öØ�
1§½ö�1���`"Ïd§7Lé�ê5y,1ïÄ"
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Classification of Integer Programming

I X�ê�55y(pure integer linear programming)µ��Ü
ûüCþÑ7L��ê���ê�55y"

I ·Ü�ê�55y(mixed integer linear programming)µû
üCþ¥k�Ü©7L��ê�§,�Ü©�±Ø��ê�
��ê�55y"

I 0-1.�ê�55y(0-1 programming)µûüCþ�U�
�0½1��ê�55y"



9 - 6 / 124

Classification of Integer ProgrammingClassification of Integer Programming

I We call the problem mixed integer programming due to the
presence of continuous variables.

I In some problems x are allowed to take on values only 0 or 1.
Such variables are called binary. Integer programs involving
only binary variables are called binary integer programs
(BIPs). (x ∈ Bn : {0, 1}n, or x ∈ {−1, 1}n)

I Pure Integer Linear Programming:

(IP) min {cT x | Ax ≤ b, x ∈ Zn
+}.

I Mixed 0-1 Programming:

(MIP) min{cT x + hT y | Ax + Gy ≤ b, x ∈ Bn, y ∈ Rp
+}.

11 / 38
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Classification of Integer Programming
I A general (nonlinear) integer programming problem can be

formulated as:

(NLIP) min f (x)

s.t. gi (x) ≤ bi , i = 1, . . . ,m,

x ∈ X ,

where f and gi , i = 1, . . ., m, are real-valued functions on
Rn, and X is a finite subset in Zn, the set of all integer points
in Rn.

I Mixed-integer nonlinear programming problem

(MNLIP) min f (x , y)

s.t. gi (x , y) ≤ bi , i = 1, . . . ,m,

x ∈ X , y ∈ Y ,

where f and gi , i = 1, . . ., m, are real-valued functions on
Rn+q, X is a finite subset in Zn, and Y is a continuous subset
in Rq.

12 / 38
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How hard is Integer ProgrammingHow Hard is Integer Programming?

I First thought (a bit naive):

I Total enumeration: For Stone Problem and 0-1 Knapsack
Problem. To list all the feasible points, a super computer with
speed 108 (Yi) basic operations per second needs:

I n = 30, 230 ≈ 109, 10 seconds.
I n = 60, 260 ≈ 1018, 360 years
I n = 100, 2100 ≈ 1030, 4× 1014 years
I ...

13 / 38



9 - 9 / 124

How hard is Integer Programming
Deep thoughts

I Most of the integer programs are NP-complete or NP-hard,
which means the problem is “as difficult as a combinatorial
problem can be”, if we knew an efficient algorithm for one
problem, we would be able to convert it to an efficient
algorithm to solve any other combinatorial problem.

I Solving the linear programming relaxation results in a lower
bound on the optimal solution to the IP.

I Rounding to a feasible integer solution may be difficult or
impossible.

I The optimal solution to the LP relaxation can be arbitrarily
far away from the optimal solution to the MIP (except totally
unimodular case).

I Solving general integer programs can be much more difficult
than solving linear programs or convex optimization problems.

I This is more than just an empirical statement. There is a 
whole theory surrounding it                                                

15 / 38



9 - 10 / 124

Jj

�ê�55y{0

~f

)X�ê5y�ü��{
©|½.{
�²¡{

) 0-15y�ÛqÞ{

)��¯K�:ß|�{

�8�{

Ä�5y

^�



9 - 11 / 124

Partition ProblemExamples of Integer Programming

Example 1 (Stone Problem).

Given n stones of positive integer weights (i.e., given n positive
integers a1, . . . , an), check whether you can partition these stones
into two groups of equal weight, i.e., check whether a linear
equation

n∑
aixi = 0

i=1

has a solution with xi ∈ {−1, 1}, ∀i.

6 / 38

NP-complete, but usually can be solved efficiently in practice.



9 - 12 / 124

Knapsack Problem
Example 2 (Knapsack Problem)

A burglar has a knapsack of size b. He breaks into a store that
carries a set of items n. Each item has profit cj and size aj . What
items should the burglar select in order to optimize his heist?
Let

xj =

{
1, Item j is selected
0, Otherwise

7 / 38

The problem can be modeled as a 0-1 integer program:

max
n∑

j=1

cjxj

s.t.

n∑

j=1

ajxj ≤ b,

xj ∈ {0, 1}, j = 1, . . . , n.

8 / 38
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Assignment Problem
Example 3 (Assignment Problem).

I n people available to carry out n jobs. Each person is assigned
to carry out one job. The cost for person i to do job j is cij .
The problem is to find a minimum cost assignment.

xij =

{
1, if person i does job j
0, otherwise

I The problem can be formulated as:

min
n∑

i=1

n∑

j=1

cijxij

s.t.

n∑

j=1

xij = 1, i = 1, . . . , n

n∑

i=1

xij = 1, j = 1, . . . , n, xij ∈ {0, 1}.

9 / 38



9 - 14 / 124

Set Covering ProblemCombinatorial Optimization Problems

Example 4 (Set Covering Problem)

I Given a certain number of regions, the problem is to decide
where to install a set of emergency service centers. For each
possible center the cost of installing a service center, and
which regions it can be service are known. The goal is to
choose a minimum cost set of service centers so that each
region is covered.

I Let M = {1, . . . ,m} be the set of regions, and N = {1, . . . , n}
the set of potential centers. Let Sj ⊆ M be the regions that
can be serviced by a center at j ∈ N, and cj its installing cost.

I Define a 0-1 incidence matrix A such that aij = 1 if i ∈ Sj and
aij = 0 otherwise. Let

xj =

{
1, if center j is selected
0, otherwise

19 / 38
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Set Covering Problem

I The problem can be formulated as

min
n∑

j=1

cjxj

s.t.

n∑

j=1

aijxj ≥ 1, i = 1, . . . ,m

x ∈ {0, 1}n.

20 / 38
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Facility Location Problem
Example 5: Facility location problem

I Given a set N = {1, . . . , n} of potential facility locations and
a set of clients M = {1, . . . ,m}. A facility placed at j costs fj
for j ∈ N. The profit from satisfying the demand of client i
from a facility at j is cij . The problem is to choose a subset of
the locations at which to place facilities, and then to assign
the clients to these facilities so as to maximize the total profit.

I Let xj = 1 if a facility is placed at j and xj = 0 otherwise.
I Let yij be the fraction of the demand of client i that is

satisfied from a facility at j .
I The problem can be modeled as as

max
∑

i∈M

∑

j∈N
cijyij −

∑

j∈N
fjxj

s.t.
∑

j∈N
yij = 1, ∀i ∈ M,

yij ≤ xj , ∀i ∈ M, j ∈ N,

x ∈ {0, 1}n, y ∈ <mn
+ .

21 / 38
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Traveling Salesman Problem
Example 6: Traveling Salesman Problem (TSP)

I A traveling salesman must visit each of n cities before
returning home. He knows the distance between each of the
cities and wishes to minimize the total distance traveled while
visiting all of the cities.

I Problem: In what order should he visit the cities?

Figure: Traveling salesman problem

22 / 38



9 - 18 / 124

Traveling Salesman Problem

I Let the distance from city i to city j be cij . Let

xij =

{
1, if he goes directly from i to j
0, otherwise

I Constraints:
I He leaves city i exactly once:

∑

j 6=i

xij = 1, i = 1, . . . , n.

I He arrives at city j exactly once:

∑

i 6=j

xij = 1, j = 1, . . . , n.

23 / 38
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Traveling Salesman Problem

I Subtour elimination constraints:
∑

i∈S

∑

j 6∈S
xij ≥ 1,∀S ⊂ N = {1, . . . , n},S 6= ∅,

or ∑

i∈S

∑

j∈S
xij ≤ |S | − 1,∀S ⊂ N, 2 ≤ |S | ≤ n − 1.

I TSP can be formulated as

min
n∑

i=1

n∑

j=1

cijxij

s.t.
∑

j 6=i

xij = 1, i = 1, . . . , n,

∑

i 6=j

xij = 1, j = 1, . . . , n,

∑

i∈S

∑

j∈S
xij ≤ |S | − 1,∀S ⊂ N, 2 ≤ |S | ≤ n − 1,

x ∈ {0, 1}n.
24 / 38
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Traveling Salesman Problem

Figure: TSP 1000 cities

25 / 38
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Traveling Salesman Problem

Figure: Optimal tour for the TSP 1000 cities

26 / 38
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Generalized Assignment Problem

Example 7 (Generalized Assignment Problem)
Given m machines and n jobs, find a least cost assignment of jobs 
to machines not exceeding the machine capacities. Each job j 
requires aij units of machine i ’ s capacity bi . The problem can be 
modeled as

min
m∑

i=1

n∑

j=1

cijxij

s.t.

n∑

j=1

aijxj ≤ bi , ∀i , (machine capacity)

m∑

i=1

xij = 1, ∀j , (assign all jobs)

xij ∈ {0, 1}, ∀i , j

28 / 38
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Minimum cost network flows

Example 8: Minimum cost network flows

I A digraph G = (V ,A) with arc capacity hij (integer), for
(i , j) ∈ A, demand bi at node i ∈ V , unit flow cost cij for
(i , j) ∈ A.

I Find feasible integer flow with the minimum cost.

I xij : the flow for arc (i , j), V+
i = {k | (i , k) ∈ A},

V−
i = {k | (k, i) ∈ A}.

I The model:

min
∑

(i ,j)∈A
cijxij

s.t.
∑

k∈V+
i

xik −
∑

k∈V−
i

xki = bi , i ∈ V

0 ≤ xij ≤ hij , xij integer.

29 / 38
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Algorithms

I Branch and Bound

I Cutting plane method

I Dynamic programming

I Lagrangian Relaxations

I Column generation and Danzig-Wolfe decomposition

I Branch and Price
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Nonlinear Integer Programming

I Quadratic 0-1 optimization

I Max-cut problem

I Quadratic knapsack problem

I ...
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�ê5y�~f

ó�A1ÚA2)�,«Ô]"duT«Ô]øØA¦§�I�2
ï�[ó�"�A�ï��YkA3ÚA4ü�"ù«Ô]�I¦
/kB1, B2, B3, B4o�"�ó�c)�Uå!�/cI¦þ!
����I¦/�ü Ô]$¤cij§�eL

B1 B2 B3 B4 c)�Uå

A1 2 9 3 4 400
A2 8 3 5 7 600
A3 7 6 1 2 200
A4 4 5 2 5 200

cI¦þ 350 400 300 150

ó�A3½A4mó�§zc�)�¤^�O©O�1200�
½1500��"y�û½ATï�ó�A3�´A4,âU¦8�z
c�o¤^��"
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�ê5y�~f

ù´��Ô]$Ñ¯K§A:´¯kØU(½ATïA3�´A4
¥=��§ÏØ��#�Ý���¢S)�Ô]"�d§Ú
\0-1Cþµ

yi =

{
1, eï�;
0, eØï�.

(i = 1,2).
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�ê5y�~f

�xij�dAi $ Bj �Ô]êþ§ü �Zë, zL«o¤^§ü
 ��"KT5y¯K�êÆ�.�±L«�µ

min
x ,y

z =
4∑

i=1

4∑
j=1

cijxij + 1200y1 + 1500y2

s.t. x11 + x21 + x31 + x41 = 350
x12 + x22 + x32 + x42 = 400
x13 + x23 + x33 + x43 = 300
x14 + x24 + x34 + x44 = 150
x11 + x12 + x13 + x14 = 400
x21 + x22 + x23 + x24 = 600

x31 + x32 + x33 + x34 = 200y1

x41 + x42 + x43 + x44 = 200y2

xij ≥ 0 (i , j = 1,2,3,4), yi ∈ {0,1} (i = 1,2).
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�ê5y�~f

Remark

1. �`)¥y1 �y2 Ø¬Ó��0,Ï�eØï�§ø��uI
¦¶

2. �`)¥y1 �y2 Ø¬Ó��1,Ï�eÓ�ï�s¤O\¶
3. ©OO�y = (1,0)�y = (0,1)�s¤2û½XÛÀJ§�
�uqÞ{¶�Cþ�ê���§qÞ{Ø�1"
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�ê5y�~f

yk]7o��B,�øÀJ�Ý]�8kn�§�8j¤IÝ]
�ÚýÏÂÃ©O�aj Úcj , j = 1,2, . . . ,n. d	du««�
Ï§kn�N\^�µ

I eÀJ�81,Ò7LÓ�ÀJ�82. ��Ø�½;
I �83Ú4¥��ÀJ��;
I �85,6,7¥TÐÀJ2�"
ATN�ÀJÝ]�8§âU¦oýÏÂÃ��"



9 - 31 / 124

�ê5y�~f

éz�Ý]�8Ñk�ÀJÚØ�ÀJü«�U§Ïd©O
^0Ú1L«§-xjL«1j ��8�ûüÀJ§P�µ

xj =

{
1, é�8jÝ];
0, é�8jØÝ].

(j = 1,2, . . . ,n).

Ý]¯K�±L«�:

max
x

z =
∑n

j=1 cjxj

s.t.
∑n

j=1 ajxj ≤ B,

x2 ≥ x1,

x3 + x4 ≥ 1,
x5 + x6 + x7 = 2,

xj ∈ {0,1}, j = 1,2, . . . ,n.
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��¯K(©�¯K)

<¯Ü��Süo<�o�ØÓk ó�§z�k ��<"²
�Øo<3ØÓk �¤1£z©�¤XL¤«§XÛSü¦�
�ó�¦o¤1�Ð"

ó�<
 A B C D

` 85 92 73 90
¯ 95 87 78 95
Z 82 83 79 90
¶ 86 90 80 88

�xij =

{
1, ©�1i<�jó�;
0, Ø©�1i<�jó�.
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��¯K(©�¯K)

max z = 85x11 + 92x12 + 73x13 + 90x14

+95x21 + 87x22 + 78x23 + 95x24

+82x31 + 83x32 + 79x33 + 90x34

+86x41 + 90x42 + 80x43 + 88x44

s.t. x11 + x12 + x13 + x14 = 1
x21 + x22 + x23 + x24 = 1
x31 + x32 + x33 + x34 = 1
x41 + x42 + x43 + x44 = 1
x11 + x21 + x31 + x41 = 1
x12 + x22 + x32 + x42 = 1
x13 + x23 + x33 + x43 = 1
x14 + x24 + x34 + x44 = 1

xij ∈ {0,1}, i , j = 1,2,3,4.
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�ê5y¯K)�A�

I �ê5y¯K��1)8Ü´§tµ¯K�1)8Ü���
f8§?¿ü��1)�à|ÜØ�½÷v�ê�å^�§
ÏØ�½E��1)"

I �ê5y¯K��1)�½´§�tµ¯K��1)£��
Ø�½¤"

I �ê5y¯K��`)�8I¼ê�Ø¬`uÙtµ¯K�
�`)�8I¼ê�"
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~f

��ê5y¯KXe

max z = x1 + x2

s.t. 14x1 + 9x2 ≤ 51
−6x1 + 3x2 ≤ 1

x1, x2 ≥ 0���ê.

ÄkØ�Ä�ê�å§��tµ�55y¯K

max z = x1 + x2

s.t. 14x1 + 9x2 ≤ 51
−6x1 + 3x2 ≤ 1

x1, x2 ≥ 0.
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~f
^ã){¦Ñ�`)�µ(x1, x2) = (3/2,10/3),�kz = 29/6.
X^�\��{���4�:,=(1,3), (2,3), (1,4), (2,4). §�
ÑØ´�ê5y��`)"U�ê5y�å^�§Ù�1)�½
3�55y¯K��1�S���ê:"��ê5y¯K��1
)8´��k�8"´�§(2,2), (3,1)´T�ê�55y��
`)"
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©|½.{(Branch and bound method)�)KÚ½

1. ¦�ê5y�tµ¯K�`)¶etµ¯K��`)÷v�
ê�¦§K���ê5y��`)§ÄK=e�Ú¶

2. ©|µ?¿À����ê)�Cþxi ,3�ê5y¥\þ�
åµ

xi ≤ [xi ], xi ≥ [xi ] + 1

|¤ü�#��ê5y¯K§¡�©|"

3. ¦)¤k©|¯K�tµ¯K§���tµ¯K�)98I
¼ê�"

I e,©|�tµ¯K�)´�ê§¿�8I¼ê�`uÙ§
©|¯K�tµ¯K�8I�§KòÙ§©|}�Ø2O
�¶

I e��3,©|§Ùtµ¯K�)���ê§¿�8I�`
u8cé���`��ê)�8I�§KI�(1)���ê
5y¯K��`8I¼ê�½e.�þ.; (2)UY©|§2
u�§�����`)"
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©|½.{–~f

^©|½.{¦)�ê5y¯K

ILP: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4
x1, x2 ≥ 0�þ��ê.
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©|½.{–~f
Äk�K�ê�å§C¤���55y¯K(=��ê5y¯K
�t¶¯K)

LP: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4, x1, x2 ≥ 0.

)�x = (18/11,40/11), z = −218/11 ≈ −19.8,d½���ê
5y¯K�`¼ê��e..
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©|½.{–~f
éux1 = 18/11 ≈ 1.64,|^�å^�x1 ≤ 1�x1 ≥ 2ò��ê
5y¯K©|�ILP1�ILP2:

ILP1: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4
x1 ≤ 1

x1, x2 ≥ 0�þ��ê.

ILP2: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4
x1 ≥ 2

x1, x2 ≥ 0�þ��ê.
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©|½.{–~f
¡�ILP1/ILP2�A�tµ¯K�LP1/LP2. )LP1�LP2�

LP1 : x = (1,3), z = −16
LP2 : x = (2,10/3), z = −56/3 ≈ −18.7.

I ©|ILP1®&²£�`�ê)�x = (1,3),�`¼ê
�z = −16¤§d©|Ê�O�¶

I duLP2��`¼ê�−56/3 < −16,�©|ILP2�U�3
¼ê��u−16��ê),ÏdT©|IUYO�"

I ½.µ−56/3 ≤ ILP��`¼ê� ≤ −16.
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©|½.{–~f

©|�õ�§�ILP��`¼ê�½.�äNÚ½Xeµ
1. ò¤k©|©�üaµtµ¯K��`)��ê)�©|!
tµ¯K��`)Ø´�ê)�©|¶

2. þ.ub A½�8cé���Ð��ê)¤éA�¼ê�¶
eÿ�é��ê)§K½�+∞;

3. e,©|¤éA�tµ¯K��`¼ê��uub,KA}�
T©|(ÃØtµ¯K��`)´Ä��ê))¶

4. e.lb KA½�ÿ�é��ê)�¤k©|(®}��©
|Ø	)¤éA�tµ¯K��`¼ê����ö"e}�
¤k�±}K�©|�§�{©|þ®é��ê)§K�`
)®½§Ê�(�"
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©|½.{–~f
3ILP2¥©O2\\^�x2 ≤ 3�x2 ≥ 4,�Xeü©|µ

ILP21: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30
x1 ≤ 4, x1 ≥ 2

x2 ≤ 3
x1, x2 ≥ 0�þ��ê.

ILP22: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30
x1 ≤ 4, x1 ≥ 2

x2 ≥ 4
x1, x2 ≥ 0�þ��ê.
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©|½.{–~f
©O¦Ñtµ¯KLP21ÚLP22��`).

LP21 : x = (2.4,3), z = −87/5 ≈ −17.4
LP22 : Ã�1),}|.

Ï�vké��Ð��ê)§�ubÃI�#¶LP21��`)Ø
´�ê:§��`¼ê��uub = −16,Ïdlb = −87/5,IU
YéILP21?1©|"
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©|½.{–~f
\\x1 ≤ 2�x1 ≥ 3,UYéILP21?1©|:

ILP211: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4, x1 ≥ 2, x2 ≤ 3
x1 ≤ 2

x1, x2 ≥ 0�þ��ê.

ILP212: min z = −x1 − 5x2

s.t. x1 − x2 ≥ −2
5x1 + 6x2 ≤ 30

x1 ≤ 4, x1 ≥ 2, x2 ≤ 3
x1 ≥ 3

x1, x2 ≥ 0�þ��ê.
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©|½.{–~f

©O¦Ñtµ¯KLP211ÚLP212��`).

LP211 : x = (2,3), z = −17
LP212 : x = (3,2.5), z = −15.5.

é��Ð��ê)§��#ub = −17; LP212��`¼ê��
uub,��±}|"d�§é��`)(2,3).
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©|½.{–~f

��ê5y¯K��`)�(2,3),�`¼ê��−17.
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Branch-and-Bound
The nodes expanded in depth-first branch-and-bound search:

31 / 32



9 - 51 / 124

©|½.{

`̀̀:::µµµÏL)LP5)ILP,LP�nØ!�{!^��®��
¤Ù"

""":::µµµé�!J�ILP¯K§©|©��U¬�~õ§��þ
��uqÞ{¶©|©�éõ�§I)�LPêþ���*¶©
���§LP��å^��õ§§S¢yI�Ä�{z�å^
�!9éÄ�\�O��E|"

ÙÙÙ¦¦¦¯̄̄KKKµµµXÛ¯�Uõ�`¼ê��þe.¶XÛ©|�Ü
n¶XÛ\�}{¶��²¡{(Ü¦^¶í2�)·Ü�ê�
55y¯K...
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��

^©|½.{¦)£tµ¯K�/ÏO�Å½^ã){¦)¤

min z = −4x1 − 3x2

s.t. 3x1 + 2x2 ≤ 25
4x1 + 5x2 ≤ 50

x1, x2 ≥ 0,�þ��ê.
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Jj

�ê�55y{0

~f

)X�ê5y�ü��{
©|½.{
�²¡{

) 0-15y�ÛqÞ{
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�²¡{(cutting plane method)

�²¡{E,´^)�55y��{�)�ê�55y¯K§Ù
Ä�g�Xeµ

ÄkØ�ÄCþ´�êù�^�§)tµ¯K"e����ê�
�`)§KO\U����ê)��5�å^�(½¡��²
¡)§¦���1����K�Ü©§ùÜ©��¹��ê
)§Ø�¹?Û�ê�1)"

�²¡�{Ò´�ÑN�é�·���²¡(Ï~I��E��
éõg)§¦�����ª��ù���1�µ§����ê4
:TÐ´¯K��`)"

±e=?ØX�ê�55y��/"
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�²¡{–~f

min z = −x1 − x2

s.t. −x1 + x2 ≤ 1
3x1 + x2 ≤ 4

x1, x2 ≥ 0���ê.

kØ�Ä�ê�å^�§¦��A�tµ¯K��`)�µ

x1 = 3/4, x2 = 7/4,min z = −5/2.
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�²¡{–~f
y��§XUé��CD @��������1�R,�Kn�/
�ACD,@oäk�ê�I�C :(1,1)Ò´�R′ ���4:"

e3�R′ þ`z8I¼ê,����`)qT|3C :§K�
���ê�55y¯K�)"

){�'�´N��E��ù��“�²¡" CD,¦+§�UØ´
���§��UØ´�ÚU¦��"
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�²¡{–~f
3�¯K�cü�Ø�ª¥O\�KtµCþx3 �x4,¦üªC
¤�ª�åµ

−x1 + x2 + x3 = 1
3x1 + x2 + x4 = 4.

Ø�Ä�ê�å^�§^üX/L)K§�eLµ

x1 x2 x3 x4 b
-1 1 1 0 1
3 1 0 1 4
-1 -1 0 0 0

x1 x2 x3 x4 b
1 0 -1/4 1/4 3/4
0 1 3/4 1/4 7/4
0 0 1/2 1/2 5/2
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�²¡{–~f

du8c���)Ø÷v�ê�¦§I��Äò�1����Ü
©§2¦�`)§���Ü©Ø¹�ê�1:"�l�ªO�
L¥����êCþéA�'Xªµ

x1 −
1
4

x3 +
1
4

x4 =
3
4

x2 +
3
4

x3 +
1
4

x4 =
7
4
.

�
���ê�`)§òþªCþ�XêÚ~ê�Ñ©)¤�ê
Ú�Ký©êüÜ©�Úµ

(1 + 0)x1 + (−1 +
3
4
)x3 + (0 +

1
4
)x4 = 0 +

3
4

(1 + 0)x2 + (0 +
3
4
)x3 + (0 +

1
4
)x4 = 1 +

3
4
.
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�²¡{–~f
ò�êÜ©�©êÜ©©m§©O£��ª�mü>§��µ

x1 − x3 =
3
4
− (

3
4

x3 +
1
4

x4)

x2 − 1 =
3
4
− (

3
4

x3 +
1
4

x4).

dx1, x2 ��K�ê��x3, x4 ½��K�ê§�þª�à��
ê§Ïdmà���ê"Ïdk

3
4
− (

3
4

x3 +
1
4

x4) ≤ 0

½

−3x3 − x4 ≤ −3.

d=������§§òÙ���å^�\\�5�¯K¥§2
)"Ú\�KtµCþx5:

−3x3 − x4 + x5 = −3.
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�²¡{–~f

x1 x2 x3 x4 x5 b
1 0 -1/4 1/4 0 3/4
0 1 3/4 1/4 0 7/4
0 0 -3 -1 1 -3
0 0 1/2 1/2 0 5/2

^éóüX/{)�µ

x1 x2 x3 x4 x5 b
1 0 0 1/3 -1/12 1
0 1 0 0 1/4 1
0 0 1 1/3 -1/3 1
0 0 0 1/3 1/6 2

dux1, x2 ��®Ñ´�ê§)K�¤"
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�²¡{–~f
5µ#����å^�−3x3 − x4 ≤ −3�dux2 ≤ 1,=Iò

x3 = 1 + x1 − x2

x4 = 4− 3x1 − x2,

�\=�"x2 ≤ 1ò�1�¥x2 > 1�Ü©��K§���
K�Ü©Ø¹�ê:§�3�����1�þ`z8I¼êTÐ
���ê)"
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¦���§�Ú½

1. �xi ´�A�55y�`)¥�©ê����ÄCþ£eØ
�3§K®²�`¤§d�ª�üX/L�

xi +
∑

j∈K

yijxj = bi ,

Ù¥i ∈ Q (Q L«ÄCþ�eI8Ü), j ∈ K (K L«�ÄC
þ�eI8Ü).

2. òbi Úyij Ñ©)¤�êÜ©N ��Ký©êf �Ú§=

bi = Ni + fi
yij = Nij + fij ,

Ù¥0 < fi < 1, 0 ≤ fij < 1. �\�

xi +
∑

j

Nijxj − Ni = fi −
∑

j

fijxj ,
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¦���§�Ú½

3. �ÄCþ(�)tµCþ)��ê��å^�(�,�k�K�
^�)"ù�§þªd�>w7L´�ê,�ldm>w§Ï
�0 < fi < 1,¤±ØU��§=

fi −
∑

j∈K

fijxj ≤ 0.

d=������§"

´�µ£1¤���§ý�?1
��§Ï���r��ê�`
)ù�:�K
¶£2¤vk�K�ê)§ù´Ï��A��5
5y�?¿�ê�1)Ñ÷v���§"

Remark
(1)ké���§z{§¦Xêþ��ê§2Ú\tµCþ¶(2)
���§\\���ÜüX/L�§mà��½�K£Ù¦©þ
þ��¤§Ïd¦^éóüX/{=I�g^=$�"
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�²¡{

�²¡{g1958cdGomoryJÑ�BÚå2�'5"��²
¡{²~��Âñéú��/§Ïé�üÕ¦^"�²¡{�
�Ù¦�{§X©|½.{§�Ü¦^§Ï~´k��"
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��

^�²¡{)e¡¯Kµ

min −4x1 − 3x2

s.t . 6x1 + 4x2 ≤ 30
x1 + 2x2 ≤ 10

x1, x2 ≥ 0���ê.
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0-1�ê�55y (Binary Integer Programming)

min
x

/max
x

cT x

s.t. Ax = b
x ∈ {0,1}n.

Equivalent to

min
x

/max
x

cT x

s.t. Ax = b
0 ≤ x ≤ 1

x�©þ��ê.

Thus, can be solved by branch and bound method or cutting
plane method.
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) BIP�ÛqÞ{ I

qÞ{µ2n «�¹§Äk^�15^�?1LÈ§?�Ú'�
¼ê�ÀÑ�`)"=� n���k�"

ÛqÞ{´3qÞ{�Ä:þ?1
U?§é��z¯K§¦)
�Ä�Ú½Xeµ

1. Ïé��Ð©�1) x0,���`8I¼ê��þ. z0.

2. Uì��qÞ{�Ñ 2n «�¹§�|Ü) xj éA�8I¼
ê� zj �u z0 �KòÙLÈK¶� zj ≤ z0 �§2?�Ú
u�´Ä÷v�å^�§���1)"

3. �â zj ��(½�`)"

4. ùp�þ. z0 �±Åì~�§�,��1)éA�8I¼
ê� zj �u z0 �§Kò zj ��#�þ."

(©|½.{´�«ÛqÞ{)
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) BIP�ÛqÞ{ II

^ÛqÞ{¦)e¡¯Kµ

min z = −6x1 − 2x2 − 3x3 − 5x4

s.t . 4x1 + 2x2 + x3 + 3x4 ≤ 10
3x1 − 5x2 + x3 + 6x4 ≥ 4

2x1 + x2 + x3 − x4 ≤ 3
x1 + 2x2 + 4x3 + 5x4 ≤ 10

x ∈ {0,1}4.

(1) Äk§1���å^�“4x1 + 2x2 + x3 + 3x4 ≤ 10"��
K§Ï�éu?¿� x ∈ {0,1}4,T�åÑ´÷v�"

(2) *	���1) x0 = (1,0,0,1),éA z0 = −11.
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) BIP�ÛqÞ{ III

(3) ò−6x1 − 2x2 − 3x3 − 5x4 ≤ −11\\�å^�µ

min z = −6x1 − 2x2 − 3x3 − 5x4

s.t . −6x1 − 2x2 − 3x3 − 5x4 ≤ −11 (a)
3x1 − 5x2 + x3 + 6x4 ≥ 4 (b)

2x1 + x2 + x3 − x4 ≤ 3 (c)
x1 + 2x2 + 4x3 + 5x4 ≤ 10 (d)

x ∈ {0,1}4.

(4) �Ñ 24 «�¹§©O�\�å^�§�ä´Ä�1µ
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) BIP�ÛqÞ{ IV
(x1, x2, x3, x4) (a) (b) (c) (d) 8I¼ê�

1 (0,0,0,0) ×
2 (0,0,0,1) ×
3 (0,0,1,0) ×
4 (0,0,1,1) ×
5 (0,1,0,0) ×
6 (0,1,0,1) ×
7 (0,1,1,0) ×
8 (0,1,1,1) ×
9 (1,0,0,0) ×

10 (1,0,0,1)
√ √ √ √

-11
11 (1,0,1,0) ×
12 (1,0,1,1)

√ √ √ √
-14

13 (1,1,0,0) ×
14 (1,1,0,1)

√ √ √ √
-13

15 (1,1,1,0)
√

16 (1,1,1,1)
√ √ √ ×
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) BIP�ÛqÞ{ V
I ÀJØÓ�Ð©�1)§O�þØ��"

I ��/§�¦��z¯K�§Äk�Ä8I¼êXê���
Cþ�u 1"

I �8I¼ê¦����§k�Ä8I¼êXê���Cþ�
u 0. éuþ~§8I¼ê�

−6x1 − 2x2 − 3x3 − 5x4,

AòÙ#ü��

−2x2 − 3x3 − 5x4 − 6x1,

2é (x2, x3, x4, x1)���

(0,0,0,1), (0,0,1,0), (0,0,1,1), (0,1,0,0), ...

?1Å�ü�"

I 3O�L§¥§�8I¼ê���U?�§A¦^#�.§
±~�O�þ"
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��

^ÛqÞ{¦)Xe¯Kµ

min z = 3x1 + 7x2 − x3 + x4

s.t . 2x1 − x2 + x3 − x4 ≥ 1
x1 − x2 + 6x3 + 4x4 ≥ 8

5x1 + 3x2 + x4 ≥ 5
x ∈ {0,1}4.
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��¯K I

min /max
∑n

i=1
∑n

j=1 cijxij

s.t.
∑n

j=1 xij = 1, i = 1,2, . . . ,n.
∑n

i=1 xij = 1, j = 1,2, . . . ,n.
xij ∈ {0,1}, i , j = 1,2, . . . ,n.

¡XeÝ
 C �XêÝ
½�ÇÝ
µ

C =




c11 c12 . . . c1n
c21 c22 . . . c2n
...

...
. . .

...
cn1 cn2 . . . cnn


 .

Ó��½ÂPÒ X = (xij)i,j=1,2,...,n. K8I¼ê�L«
� f (X ) = 〈C,X 〉. ��¯KkXe5�µ
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��¯K II
555���µò�ÇÝ
 C �,�1½,��\þ��?¿~ê m�
�Ý
 D. ± D ��ÇÝ
���¯K�± C ��ÇÝ
��
�¯Käk�Ó�)"
y²µØ�� D ´d C �1�1\þ~ê m���"-X÷v
�15^�"K

fC(X ) = 〈C,X 〉 =
n∑

i=1

n∑

j=1

cijxij

= (c11x11 + c12x12 + . . .+ c1nx1n) +
n∑

i=2

n∑

j=1

cijxij

= ((c11 + m)x11 + (c12 + m)x12 + . . .+ (c1n + m)x1n)

−m(x11 + x12 + . . .+ x1n) +
n∑

i=2

n∑

j=1

cijxij

= 〈D,X 〉 −m
= fD(X )−m.



9 - 77 / 124

:ß|�{

:ß|�{´|^þã5�¦)��¯K��{§dW. W.
Kuhnu 1955cJÑ§|^
:ß|êÆ[ D. Konig'uÝ

¥Õá���½n"T�{�¡��:ß|�{"·^^�µ

1. ��z¯K¶
2. <�¯�ê8��¶
3. �Ç cij ≥ 0 ∀i , j .
Ø÷vþã^�§AÄkò¯K?1=z±÷vþã^�§��
2|^:ß|�{¦)"
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:ß|�{���Ú½ I

±Xe�ÇÝ
�~§`²:ß|�{�O�Ú½µ

C =




4 8 7 15 12
7 9 17 14 10
6 9 12 8 7
6 7 14 6 10
6 9 12 10 6




.

Ú½�µC�XêÝ
"

1. z�1Ñ~�¤31�����¶

2. 3¤�Ý
¥§z��Ñ~�¤3������"
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:ß|�{���Ú½ II

ù�§XêÝ
¥z19z�Ñ��k��"��§Ó�ØÑy
K��"=Ú½�"

C →




0 4 3 11 8
0 2 10 7 3
0 3 6 2 1
0 1 8 0 4
0 3 6 4 0



→




0 3 0 11 8
0 1 7 7 3
0 2 3 2 1
0 0 5 0 4
0 2 3 4 0




= C′.

 uØÓ1!ØÓ��"��¡��Õá"��"5µ

(a) éu�Ç�K���¯K§¿�8I´��z§eU3Xê
Ý
¥é� n� uØÓ1ØÓ��"��§KéA��
��Yo¤^� 0,l�½´���£Ï��Ç�K¤.
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:ß|�{���Ú½ III
(b) 3ÀJ"���§�Ó�1£½�¤þkõ�"���§X
ÀJÙ�§KÙ{�"��ÒØU2�ÀJ§¤�õ{�
£�À¥�"��� �éA�xijò�D�� 1. Ï���
<�U���¯§��¯��Ud��<5�¤"Ïd§
'�¿Ø3ukõ��"��§�w§�´ÄT�/©Ù
3ØÓ1ÚØÓ�þ§=Õá"���ê8"

Ú½�µ3C����ÇÝ
¥(½Õá"��"�{Xeµ

(c) �
(½Õá"��§�±3�k��"���1£½�¤
¥\�£IP�}¤§ùL«d<�U�T¯§½d¯�U
dT<5�"z�Ñ��0§Ó��r uÓ�£½Ó1¤
�Ù¦"��y�£IP�∅¤§L«d¯®ØU2dÙ¦
<5�£½d<®ØU�Ù¦¯¤"Xd�E?1§��X
êÝ
¥¤k�"��Ñ���½y���"3dL§¥§
X��3¤k�1Ú�¥§"��ÑØ�����¹§�?
¿À�Ù¥��0��\�§Ó�y�ÙÓ1ÚÓ�¥Ù¦
"��"�L§(å�§�x����=´Õá"��"
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:ß|�{���Ú½ IV

C′ =




∅ 3 } 11 8
} 1 7 7 3
∅ 2 3 2 1
∅ } 5 ∅ 4
∅ 2 3 4 }




1. eÕá"��� n�§K®���`)£Õá"��¤é
A�Cþ xij ��� 1,Ù{¤k� xij Ñ��� 0¤.

2. eÕá"����êØv n�§L«�ØU(½�`��
�Y§d�IxÑUCX¤k"�����ê8���8
Ü§,�=Ú½n"



9 - 82 / 124

:ß|�{���Ú½ V

xÑCX¤k"�����ê8���8Üµ

1. évk }�1�“
√

".

2. 3®²�
√
�1¥§é“∅"¤3��� √.

3. 3®²�
√
��¥§é“}"¤3�1�

√
.

4. E 2Ú 3,��2�ØUé��±�
√
�1½ö���.

5. évk�
√
�1xî�£íØ�¤§é®²�

√
��xR

�£íØ�¤.

£éud~§1�!n1�
√

,1���
√

. ��§1�!o!
Ê1!1��xíØ�¤

Ú½nµUYC�XêÝ
"�{´3����CX���¥é
Ñ�����"é����CX���¤3�1£½�¤¥��
�£�)�y����¤Ñ~�ù�����"ù�§3���
�CX���¥¬Ñy#�"��§Ó�®���CX���¥
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:ß|�{���Ú½ VI

ÑyKê"�
�ØKê§3¤3��Ñ\þT����=�"
�£Ú½�"

C′ =




0 3 0 11 8
0 1 7 7 3
0 2 3 2 1
0 0 5 0 4
0 2 3 4 0



→




1 3 0 11 8
0 0 6 6 2
0 1 2 1 0
1 0 5 0 4
1 2 3 4 0




= C′′.

£�Ú½2§éC′′\�"

C′′ =




1 3 } 11 8
∅ } 6 6 2
} 1 2 1 ∅
1 ∅ 5 } 4
1 2 3 4 }




.
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:ß|�{���Ú½ VII

®²k5�Õá"��§���`)µ

x =




1
1

1
1

1




.
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�IO/ª���¯K I

1. ��z��¯Kµ���z��¯K��ÇÝ

� C = (cij)n×n,Ù¥����� m. -Ý
B = m − C. K
± B �XêÝ
���z��¯KÚ± C �XêÝ
��
��z��¯Kk�Ó��`)§Ó� B ≥ 0.

2. ��<��A�¯���¯Kµe,�<�� k �¯§K
òT<z��Ó� k �/<05�É��"ù k �/<0
�Ó��¯�¤^Xê�,Ñ��"

3. e<õ¯�§KV\þ�
J[�/¯0"ù
J[�
/¯0���<��¤^Xê�� 0,n)�ù
J[�¯
´�~N´�§?Û<Ñ�±�{��¤"
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�IO/ª���¯K II

4. e<�¯õ£~Xm<n¯§m < n¤
I V\n −m�J[�/<0"ù
J[�<��¯�¤^X
ê��0§n)�ù
J[�<�±ØI�?Û�d¿��
{��¤?Û��¯"d�§��(J¬çÀÑm�¯��
�m<§Ù{n −m�¯òØ¬���"

I e1i<�±�ti�¯§Kò1i<�d�Xê��ti°"e�
�1êõu�ê§KV\"�£ØI���J[�¯¤¦�
1�ê��¶e��1êE�u�ê§KV\"1£Ã¤Ø
U�<¤§�ª�U´k
¯Ø¬���"

5. ,¯�½ØUd,<����¯Kµe,¯�½ØUd,<
5�§K�ò�A�¤^Xê��v
��ê M.
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~f I
r5�¯���3�<§z<�õ�U�ü�¯§¤^XêÝ

Xe(z1éA�<§z�éA�¯)§XÛ��?

C =




4 8 7 15 12
7 9 17 14 10
6 9 12 8 7


 .

)µÏ�z<�õ�ü�¯§�òz�<z���Ó�ü�<§
��#�¤^XêÝ
Xe

C′ =




4 8 7 15 12
4 8 7 15 12
7 9 17 14 10
7 9 17 14 10
6 9 12 8 7
6 9 12 8 7




.

1-21éA1�<§3-41éA12<§5-61éA13<"
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~f II

y3´µ6<5¯§��±ME��J[�¯§?Û<ÑØI�
s¤?Û�dÒ�±�¤�¯µ

C′′ =




4 8 7 15 12 0
4 8 7 15 12 0
7 9 17 14 10 0
7 9 17 14 10 0
6 9 12 8 7 0
6 9 12 8 7 0




.

����éAJ[�¯"��2^:ß|�{"
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Totally Unimodular

��¯K��å^��~AÏ"rÙ¥��ª�å^��
¤ Ax = b �/ª,Ù¥

x = (x11, x21, . . . , xn1, x12, x22, . . . , xn2, . . . , x1n, x2n, . . . , xnn)
T .

Ý
 A��� aij ∈ {0,1}. ¿�§Ý
 A�?¿f�
�1�ª
� 0, 1½ −1. Ïd§Ý
 A´ totally unimodular�"âd�y
²§��¯K�duXe�55yµ

min /max
∑n

i=1
∑n

j=1 cijxij

s.t.
∑n

j=1 xij = 1, i = 1,2, . . . ,n.
∑n

i=1 xij = 1, j = 1,2, . . . ,n.
0 ≤ xij ≤ 1, i , j = 1,2, . . . ,n.
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��

¦)e�¤^XêÝ
���z��¯Kµ




10 11 4 2 8
7 11 10 14 12
5 6 9 12 14

13 15 11 10 7


 ,




3 6 2 6
7 1 4 4
3 8 5 8
6 4 3 7
5 2 4 3
5 7 6 2
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�8�{

�8�{´¦)¯K��«g´§ØÓ¯KLy/ªØÓ§zÚ
Ñæ�£�c¤�`��{§Ù`:´{ü"ùpzÚ��`´
ÛÜ��`§�ª���)�U´�Û�`§��UØ´"
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�¿NÝ¯K

bXkXe�L§\F"ò¦�Uõ��§Sü3,m�¿"

�§ m©�m (å�m
{â 9:00AM 10:00AM
=� 9:30AM 10:30AM
êÆ 10:00AM 11:00AM
O�Å 10:30AM 11:30AM
ÑW 11:00AM 12:00PM

XÛÀÑ¦�Uõ��mØÀâ��§º�8�{Xeµ

1. ÀÑ(å�@��§§Ò´�3ùm�¿þ�1�,�"
2. �e5§7LÀJ1�,�(å�âm©��"Ó�§ÀJ
(å�@����3T�¿þ�1�,�"

�Yµ{â!êÆ!ÑW¶¿�ù�é��)´�`�"
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��¯K

���8��Ü§�XNþ�35�ü ���§3û|pÅ�
��«�C\���û¬"�Üåã ��¥C\d��p�û
¬§¦^@«�{@º�8�{�~{ü§äNÚ½Xeµ

1. ���C\����B�û¬¶
2. 2����±C\����B�û¬§±daí"
~�����û¬kXen«µ

Ô¬ d� NÈ
Ñ� 3000 30

)P�>M 2000 20
3¦ 1500 15

�8�{�Ñ��YµÑ�£d�3000§NÈ30¤"Ø´�`
)§�'��C"éõ�ÿ§�I�é���U
��)û¯K
��{§�8�{�~Ü·§Ï�§¢yå5�~N´§���
)��`)�C"
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8ÜCX¯K I
3m�ÿÀ/:þï�ÑÖ¥%§ÑÖ,½�n�Ø¬«§ï¤
��z�ÑÖ¥%ÑU
CXeZ�Ø¬«"b�ï�z�ÑÖ
¥%�¤^´�Ó�§XÛ(½3=
ÿÀ/:þï�ÑÖ¥%
¦�o¤^��£�duï�¦�U��ÑÖ¥%¤§Ó�¤
kn�Ø¬«þ�CX�º

�U�ÑÖ¥%8Ük2m�§�Ü�Ñ�23Ù¥ÀJU
C
Xn�Ø¬«�8Ü§O�þ��"b�z¦¨�O�10�f
8§¤I�mXeµ

m �m
5 3.2s

10 102.4s
32 13.6y

100 4× 1021y

8ÜCX¯K´NP-��¯K§vk?Û�{�±v
¯/)û
T¯K£Ø� P = NP¤�



9 - 96 / 124

8ÜCX¯K II

¦^�8�{���Cq)£Ø���)¤§Ú½Xeµ

1. ÀÑù���ÿÀ/:§¿ï�ÑÖ¥%§TÑÖ¥%U

ÑÖ�õ�ÿ��CX�Ø¬«£=BTÑÖ¥%CX
�

®²�CX
�Ø¬«¤"

2. E1�Ú§��¤k�Ø¬«Ñ�CX"

�8�{´�«Cq�{(approximation algorithm)§3¼�°
()£�`)¤I���m���§�¦^Cq�{"�äCq
�{`��IOXeµ

1. �Ý´Ä¯

2. ���Cq)��`)��C§Ý"

�8�{Ø={ü§�Ï~$1�Ýé¯"38ÜCX¯K
¥§�8�{�$1�m�O(m2) (why?).
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NP-��¯K

�)û8ÜCX¯K§I��Ä¤k�U�f8�8Ü§�mC
��§�u��8Üê8�êO�"

2'X§�1)�ê8Ó�O��~¯��kÀ1û£ÀJ
ú!TSP¤¯K"�½ m�¢½§ØÓ¢½mkØÓ�ål"
XÛü�¢½�^S§¦�l,��¢½Ñu²Lz�¢½�g
�=�g§��£�Ñu�¢½§¦�oål�áº

1. e1��¢½�±?¿À§Kk m!«�1��Y;
2. e1��¢½�±?¿À§Kk (m − 1)!«�1��Y.

(5! = 120, 10! = 3628800)

À1û¯KÚ8ÜCX¯K��Ó�?´µI�3¤k��1�
Y¥��u�âU(�é��`)§ÑáuNP��¯K"NP�
�¯K�~J)§éõ�~h²�M�Ñ@�§��Ø�Ué�
�±¯�¦)ùa¯K��{"
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XÛ£ONP-��¯K I

b�\´� ¾�¥�ö§�3�¥è]Àè
"���¶`D
��ö§\é¥èJÑ
�
Ä��¦µ`D�o©¥!`D�
� §ò��¥�Ô§U«ÉØå��"ÿÀ¥
9UåXeµ

¥
 Uå
1 �¥
2 	�Ã/U
«Ø
3 o©¥/È¥x%
... ...

|ï�¥è�÷v¤k��¦§�¶�k�"ù´��8ÜCX
¯K§´NP-��¯K��8/Cq�{Xeµ

1. éÑÎÜ�õ�¦�¥
¶
2. éÑÎÜ�õ�ÿ��÷v��¦�¥
§ØäETL
§§��¥è÷v�¦£½¶�®÷¤"
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XÛ£ONP-��¯K II

NP-��¯KÃ?Ø3�eU�äÑ�)û�¯KáudaÒÐ

§ù�ÒØ^�J¦�{)û�Y
§´¦^Cq�{Ï¦
Cq)=�",§��ä��¯K´Ø´NP��¯KéJ�
´u)û�¯K(P¯K)ÚNP��¯K��O  é�"~Xµ

I �á´¯K´P¯Kµ3���ä¥§ÏélA:�B:��
á´"�´§XJ�éÑ²d�½A�:��á´§K
´NP-��¯K§Ï�§�)
À1û¯K"

I ��6/���¯K´P¯K£�55y¤§,���¯K
´NP-��¯K"



9 - 100 / 124

XÛ£ONP-��¯K III

{ó�§vk{���{�ä��¯K´Ø´NP��¯K§�
�´k�
Àjê,�Ìµ

I ������{$1�Ýé¯§��X��êþ�O\§�
Ý¬C��~ú¶

I �9/¤k�U�|Ü0�¯KÏ~´NP��¯K¶
I ØUò¯K©¤�¯K§7L�Ä�«�U��¹§K�U
´NP-��¯K¶

I XJ¯K�9S�£XÀ1û¯K¥�¢½S�¤�J±)
û§K�U´NP-��¯K¶

I XJ¯K�98Ü£X8ÜCX¯K¤�J±)û§K�U
´NP-��¯K¶

I XJ¯K�=��8ÜCX¯K½öÀ1û¯K§K�½
´NP-��¯K.
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XÛ£ONP-��¯K IV

NP-��¯K�~fµ
I k�e4
KI�n�[Ìx&§I�éÑ²Lùn�[Ì
��á´»"

I 3�æ<¥éÑ���*l�£=Ù¥?Ûü<Ñ@£¤"

I �����B¥I/ã§I�¦^ØÓ�ôÚIÑ����
°"�d§I�(½��I�¦^õ�«ôÚ§âU(�?
Ûü�����°�ôÚÑØÓ"
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Jj

�ê�55y{0

~f

)X�ê5y�ü��{
©|½.{
�²¡{

) 0-15y�ÛqÞ{

)��¯K�:ß|�{

�8�{

Ä�5y

^�
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Ä�5y

Ä�5y´�«)û5Ã¯K��{§§ò�¯K©¤�¯K§
kXÃ)û�¯K§±ÅÚ��)û�¯K£�¯K¤��{"
��55y�ØÓ�´§Ä�5y´�«)û¯K�g�§Ø´
,�äNêÆ�."

I Ä�5y��Ï3�½�å^�eé��`)£~Xµ��
¯K¥��Nþ¤.

I 3¯K�©)�*dÕá�lÑ�f¯K�§Ò�±¦^Ä
�5y5)û.

I z«Ä�5y)û�YÑ�9��.
I ��¥��Ï~Ò´�`z��£~Xµ��¯K¥û¬�
d�¤.

I z�ü��Ñ´��f¯K§ÏdA�ÄXÛò¯K©)¤
f¯K§kÏuéÑ����I¶.
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��¯K I

�Ü���Nþ�4�ü §ø�À�Ô¬!d�9NÈXeµ

Ô¬ d� NÈ
Ñ� 3000 4

)P�>M 2000 3
3¦ 1500 1

I {ü�{µ}Á�«�U�|Ü§�O2n«�¹"

I �8�{µCq�{§���Ø�½´�`)"

I Ä�5y{µk)û�¯K§2ÅÚ)û�¯K§�ª��
�Û�`)"
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��¯K II
��L�§z�1éA��Ô¬§z��ØÓNþ���µ

Nþ1 Nþ2 Nþ3 Nþ4
3¦(G)
Ñ�(S)

)P�>M(L)

Å1W\êi§L�W��§)K�¤"

I 1�1�3¦1§¿�X�Ü}Áò3¦C\��"3z�
ü��§ÑI����û½µÜ�´ØÜº£8IµéÑd
��p�Ô¬|Ü¤"�3T1§�k3¦øÀJ"�ù�
ü����§z�ü��Ñò�¹�c�C\���¤kû
¬"

Nþ1 Nþ2 Nþ3 Nþ4
3¦ 1500, G 1500, G 1500, G 1500, G 
Ñ�

)P�>M
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��¯K III
XJ�k��3¦øÀJ§�C\Ù¥�û¬���d�
�1500.

I Ñ�1µd��øÀJ�û¬�1�3¦Ú1�Ñ�"3z
�1§�Ü�û¬Ñ��c�û¬±9�c�1éA�û
¬"Ïd§�c�ØUÀJ)P�>M"

Nþ1 Nþ2 Nþ3 Nþ4
3¦ 1500, G 1500, G 1500, G 1500, G 
Ñ� 1500, G 1500, G 1500, G 3000, S 

)P�>M

I >M1µÓ���ª?n"

Nþ1 Nþ2 Nþ3 Nþ4
3¦ 1500, G 1500, G 1500, G 1500, G 
Ñ� 1500, G 1500, G 1500, G 3000, S 

)P�>M 1500, G 1500, G 2000, L 3500, L & G 
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��¯K IV

^A[i][j]L«1i 11j �W\��§Ù¥i L«1§j L«�"é
d~µi = 1,2,3, j = 1,2,3,4. K

A[i][j] = max(A[i−1][j],�cû¬�d�+A[i−1][j−�cû¬�NÈ]).

Ù¥A[i − 1][j]�1i 1¤éA�û¬�øÀJ�c§1j �Nþ
����C\û¬���d�"A[i − 1][j −�cû¬�NÈ]�
ÀJ
1i 1¤éA�û¬�§�{Nþ�C\���d�"
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��¯KÄ�5y{ FAQ I

I 2O\���øÀJ�û¬§~XiPhone (d�2000,N
È1). d�ØI�#O�c¡�L�§=I�òiPhone�
����1§UYW�L�=�"

Nþ1 Nþ2 Nþ3 Nþ4
3¦ 1500, G 1500, G 1500, G 1500, G 
Ñ� 1500, G 1500, G 1500, G 3000, S 
)P� 1500, G 1500, G 2000, L 3500, L & G 
iPhone 2000, i 3500, i & G 3500, i & G 4000, i & L 

öSµ

I z��lþ e§��d�¬ü$íº

I e�k��MP3 (d�1000,NÈ1),�Üíº

I 1�ü�^Su)Cz�§(J¬u)Czíº
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��¯KÄ�5y{ FAQ II

I O\�����û¬òXÛ>ºXõÑ���øÀJ��
ó (d�1000,Nþ0.5). c¡�û¬NÈÑ´�ê§�eÀ
JÜ�ó§K{eNþ3.5. 3Nþ�3.5���¥�C\�
û¬��d�´õ�ºdu�ó�\\§I��ÄâÝ�[
�L�µ0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4.

I �±Ürû¬��Ü©íºe1�/:�,ÀA§k¤��
AÎÚ��øÀJ§��CØe§��m�C§2ò���
÷"3ù«�¹e§Ø2´�oÜ§�oØÜ§´�±Ü
û¬��Ü©"d�§Ä�5y���¦^Ä�5y§�o
<r��û¬§�oØ<§vk�{�äTØT<rû¬
��Ü©"¦^�8�{�±�t?nù«�¹: Äk¦�
Uõ�<rd��p�û¬¶XJ<1
§2¦�Uõ/<
rd�gp�û¬§±daí"
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Ài1§�`z I

b�\��ÔíÝb§bÏüU§����/�éõ§Ã{c 
z�/�iA"Ïd§�LüXeµ

¶� �m µ©

,Í¶�, (W) 0.5U 7
�¥ì| (G) 0.5U 6
I[{â, (N) 1U 9
�=ÆÔ, (B) 2U 9
��Û��, (S) 0.5U 8

�âd�ü§XÛ�û½ºù´����¯K��å^�Ø´�
�Nþ§´k���m¶Ø´û½TC\=
û¬§´û½
TÀJ=
¶�"XÛ^Ä�5y¯K)ûd¯Kº
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Ài1§�`z II

I Ä�5y�±?n�p�6��¹íºb�\���ni§
Ïd3cã�ü¥q\\A�µ

¶� �m µ©

D��c© 1.5U 8
©2û 1.5U 9
ni�1� 1.5U 7

�ù
/�iAI�é��m§Ï�\�klÔíc n
i§Ñ�0.5U¶��ni�§iAz�/���mü
�1U¶òD��c©C\/��0�§©2ûÚni�1
�òC��B¨"XÛ¦^Ä�5yï�º

v�{ï��Ä�5yõUr�§§UÏL)û�¯KÅÚ
)û�¯K"�´§=�z�f¯KÑ´lÑ�!�´�p
Õá�§Ä�5yâk�"
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��¯K�Ä�5y{ FAQ

I �`)�U����vC÷íº���U�b��øÀJÜ
���k��}�§�Þ�~�§Ó�3.5ü �Nþ§d
�100�§'Ù¦û¬Ñ�aõ
�ÎÃ¦¯§�½Ü�d
�§�{�0.5ü NþÒ�oÑCØe
"
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öS

b�\���E§k��Nþ�6���§I�û½T��e¡
=
ÀÜ"Ù¥z�ÀÜÑk�A�d�§d���¿�X�
�µ

Ô¬ d� NÈ

Y 10 3
Ö 3 1
 Ô 9 2
Y� 5 2
�Å 6 1
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g^��¯K

,�[��ò���Ý�n�g^�m�È§z«g^��Ýi
¤éA�d�pi �½(i = 1,2, ...,n)"N���§�[âU¼�
���|dºùp�¦��c�g^��Ýþ��ê"

~~~fffµµµb���g^��Ý�4§@o·�k8«�{5��ù
�g^§Xeã¤«µ15.1 Rod cutting 361

9

(a)

1

(b)

8

(c) (d)

(e) (f) (g)

1

(h)

1 1 1

5 5 18

511 5 11 5 11

Figure 15.2 The 8 possible ways of cutting up a rod of length 4. Above each piece is the
value of that piece, according to the sample price chart of Figure 15.1. The optimal strategy is
part (c)—cutting the rod into two pieces of length 2—which has total value 10.

for i D 1; 2; : : : ; n � 1.1 We denote a decomposition into pieces using ordinary
additive notation, so that 7 D 2C 2C 3 indicates that a rod of length 7 is cut into
three pieces—two of length 2 and one of length 3. If an optimal solution cuts the
rod into k pieces, for some 1 � k � n, then an optimal decomposition

n D i1 C i2 C � � � C ik

of the rod into pieces of lengths i1, i2, . . . , ik provides maximum corresponding
revenue

rn D pi1 C pi2 C � � � C pik :

For our sample problem, we can determine the optimal revenue figures ri , for
i D 1; 2; : : : ; 10, by inspection, with the corresponding optimal decompositions

1If we required the pieces to be cut in order of nondecreasing size, there would be fewer ways
to consider. For n D 4, we would consider only 5 such ways: parts (a), (b), (c), (e), and (h)
in Figure 15.2. The number of ways is called the partition function; it is approximately equal to

e�
p

2n=3=4n
p

3. This quantity is less than 2n�1, but still much greater than any polynomial in n.
We shall not pursue this line of inquiry further, however.

zãg^¤éA�d�Xeµ
�Ýi 1 2 3 4
d�pi 1 5 8 9
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g^��¯K

Å�u�·�Ò�±�äÑ����`üÑ´ (c),=��¤üã
�Ý�2�g^Ò�±¼���|d10"

���`̀̀)))���AAA:::µµµ3�Ý�n�g^�¼��`©��§�UÃI
©�§�NñÑÒ�¼���|d¶���I�©�§31�g
©���§¬�)ü��á�g^"ùü��á�g^7L��
�`©�§|Ü��âU���g^��`©�"
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Ý
ó¦{

�½��Ý
 Ai (i = 1,2, . . . ,n),Ý
 Ai ��ê´ pi−1 × pi ,
i = 1, ...,n,�§��¦È A1A2...An V\·��)Ò§¦�O�
�¤I�Iþ¦{gê��"

b�·�I�O�A1,A2,A3 �¦ÈA1A2A3§ùn�Ý
��ê
©O´2× 10,10× 3,3× 30"·�kü«V\)Ò��ª§©
O�µ

1. ((A1A2)A3)µ=krA1,A2�¦§,�r(JÚA3�¦"K¤
I¦{gê� 2× 10× 3 + 2× 3× 30 = 240"

2. (A1(A2A3))µ=krA2,A3�¦§,�r(JÚA1�¦"K¦
{�gê�10× 3× 30 + 2× 10× 30 = 1500"

�±wÑ§Ý
ó�¦��k�^SØÓ§$�þ�ØÓ§�
�Oé�"·��8�Ò´é��Ð�$�gS§¦Ñ���$
�þ"
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Ý
ó¦{

���`̀̀)))���AAA:::µµµU�`�^SO� A1A2...An �§�½�
3 k(1 ≤ k ≤ n − 1)¦�þãO�����Ú´ (A1...Ak )¦
þ(Ak+1...An).

3Ý
óA1A2...An��`)Òz�Y¥§éfóA1...Ak?1�
)Òz§ATÒ´Õá¦)§���`)Òz�Y"XJØ´ù
�§·��±òÕá¦)fóA1...Ak��`)Òz�Y�\Ý

óA1A2...An��`)Òz�Y5�O�5§éfóA1...Akæ
�)Òz��Y§ù�Ò�±��éÝ
óA1A2...An�Ð�)
Òz§�)
gñ"

éfóAk+1...An§·��kaq�(Øµ3�¯KA1A2...An�
�`)Òz�Y¥§éfóAk+1...An?1)Òz��{§Ò´
§g���`)Òz�Y"
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Ù¦~���^Ä�5y¦)�¯K

I ��ú�fG¯K

I �`��|¢ä

I Lattic Network Shortest Path Problem



I Ï¥�Á�mµ11�26F14:00-16:00

I /:µl I-212,l I-213

I 11� 28F±o§Ê��g
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^�

)�ê�55y¯K�^�µ

I CPLEX:Jø(¹�p5U`z§S§)û�55y(Linear
Programming)!�g�§5y(Quadratic Programming)!
�g�§�å5y(Quadratically Constrained
Programming)Ú·Ü�.5y(Mixed Integer
Programming)¯K"

I Gurobi for solving mixed integer linear and quadratic
programming problems.
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^�

Matlab¥)·Ü�ê�55y¯K�§S“intlinprog" (�{µ©
|½.§�²¡),¦)¯K/ªµ

min
x

f T x

s.t. Ax ≤ b
Cx = d

lb ≤ x ≤ ub
x(intcon) are integers

N^�ªµ

x = intlinprog(f,intcon,A,b,C,d,lb,ub,options).
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Examples in Matlab

I Mixed-Integer Linear Programming Basics

I Travelling Salesman Problem

I Solve Sudoku Puzzles Via Integer Programming

I Mixed-Integer Quadratic Programming Portfolio
Optimization

I ...



9 - 124 / 124

Further reading

Alexander Schrijver, A Course in Combinatorial
Optimization,
https://homepages.cwi.nl/~lex/

https://homepages.cwi.nl/~lex/
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