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Abstract. Learning to optimize is a rapidly growing area that aims to solve optimization

problems or improve existing optimization algorithms using machine learning (ML). In par-

ticular, the graph neural network (GNN) is considered a suitable ML model for optimization

problems whose variables and constraints are permutation–invariant, for example, the linear

program (LP). While the literature has reported encouraging numerical results, this paper

establishes the theoretical foundation of applying GNNs to solving LPs. Given any size limit

of LPs, we construct a GNN that maps different LPs to different outputs. We show that

properly built GNNs can reliably predict feasibility, boundedness, and an optimal solution

for each LP in a broad class. Our proofs are based upon the recently–discovered connections

between the Weisfeiler–Lehman isomorphism test and the GNN. To validate our results,

we train a simple GNN and present its accuracy in mapping LPs to their feasibilities and

solutions.

1. Introduction

Applying machine learning (ML) techniques to accelerate optimization, also known as Learn-

ing to Optimize (L2O), is attracting increasing attention recently. It has been reported in the

literature that L2O shows great potentials on both continuous optimization [1,10,40] and com-

binatorial optimization problems [5, 39] Many of the L2O works train a parameterized model

that takes the optimization problem as input and outputs information useful to the classic

algorithms, such as a good initial solution and branching decisions [41], and some even directly

generate an approximate optimal solution [20].

In these works, one is building an ML model to approximate the mapping from an explicit

optimization instance either to its key properties or directly to its solution. The accuracy of

this approximation is called the representation power or expressive power of the model. When

the approximation is accurate, the model can solve the problem or provide useful information to

guide an optimization algorithm. This paper tries to address a fundamental but open theoretical

problem for linear programming (LP):

(P0) Which neural network can represent LP and predict its key properties and solution?

To clarify, by solution we mean the optimal solution. We hope the answer to this question

paves the way toward answering this question for other optimization types.
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Linear Programming (LP). LP is an important type of optimization problem with a long

history and a wide range of applications, such as scheduling [23], signal processing [8], machine

learning [13], etc. A general LP problem is defined as:

min
x∈Rn

c>x, s.t. Ax ◦ b, l ≤ x ≤ u,(1.1)

where A ∈ Rm×n, c ∈ Rn, b ∈ Rm, l ∈ (R ∪ {−∞})n, u ∈ (R ∪ {+∞})n, and ◦ ∈ {≤,=,≥}m.

Any LP problems must follow one of the following three cases [7]:

• Infeasible. The feasible set XF := {x ∈ Rn : Ax ◦ b, l ≤ x ≤ u} is empty. In another word,

there is no point in Rn that satisfies the constraints in LP (1.1).

• Unbounded. The feasible set is non-empty, but the objective value can be arbitrarily good,

i.e., lower unbounded. For any R > 0, there exists an x ∈ XF such that c>x < −R.

• Feasible and bounded. There exists x∗ ∈ XF such that c>x∗ ≤ c>x for all x ∈ XF . Such x∗

is named as an optimal solution, and c>x∗ is the optimal objective value.

Thus, considering (P0) on the LP problem (1.1), an ideal ML model is expected to be able

to predict the three key characteristics of LP: feasibility, boundedness, and one of its optimal

solutions (if exist), by taking the LP features (A, b, c, l, u, ◦) as input.

Such input has strong mathematical structure. If we swap the position of the i, j-th vari-

able in (1.1), elements in vectors b, c, l, u, ◦ and columns of matrix A will be reordered. The

reordered features (Â, b, ĉ, l̂, û, ◦̂) actually represent an exact equivalent LP problem with the

original one (A, b, c, l, u, ◦). Such property is named as permutation invariance. If we do not

explicitly restrict ML models with a permutation invariant structure, the models may overfit

the variable/constraint orders of instances in the training set. Motivated by this point, we

adopt Graph Neural Networks (GNNs) that are permutation invariant naturally.

GNN in L2O. GNN is a type of neural network defined on graphs and widely applied in many

areas, for example, recommender systems, traffic, chemistry, etc [51, 53]. Solving optimization

problems with GNN is a recent arising topic in the literature [9, 43]. Many graph-related

optimization problems, like minimum vertex cover, traveling salesman problem, vehicle routing

problem, can be represented and solved approximately with GNN due to their problem structure

[16, 26, 29, 32]. Besides that, one may solve a general LP or mixed-integer linear programming

(MILP) with the help of GNN. [18] proposed to represent an MILP problem with a bipartite

graph, then applied a message-passing GNN1 on this graph to guide a classic MILP solver.

Since that, many approaches have been proposed to guide MILP or LP solvers with GNN

[14,21,22, 30, 34, 35, 41, 42, 44, 48]. Although encouraging empirical results have been observed,

theoretical foundations are still lack for this approach. Specifying (P0), we ask:

(P1)
Are there GNNs that can predict the feasibility, boundedness,

and an optimal solution (if exists), for all LPs?

Related works and contributions. To answer (P1), one needs the theory of separation

power and representation power. Separation power of a neural network (NN) means its ability

to distinguish two different inputs. In our settings, a NN with strong separation power means

1We will abbreviate message-passing GNN as GNN in this paper for simplicity.
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that it can outputs different results when it is applied on any two different LPs. Representation

power of NN means its ability to approximate functions of interest. A famous example of

representation power is the Universal Approximation Theorem [12, 24]: multilayer perceptron

(MLP), a specific type of NN, can universally approximate continuous functions on a compact

domain. The theory of representation power is established upon the theory of separation power.

Only functions with strong enough separation power may possess strong representation power.

The power of GNN has been studied in the literature (see [25,33,46] for comprehensive surveys),

and some theoretical efforts have been made to represent some graph-related optimization

problems with GNN [36, 47]. However, there are still gaps to answer question (P1) since the

relationships between characteristics of LP and properties of graphs are not well established.

Our contributions are listed below:

• (Separation Power). In the literature, it has been shown that the separation power of GNN

is equal to the WL test[4, 19, 52]. However, there exist many pairs of LPs that cannot

be distinguished by the WL test. We show that those puzzling LP pairs share the same

feasibility, boundedness, and even an optimal solution if exists. Thus, GNN has strong

enough separation power.

• (Representation Power). To the best of our knowledge, we established the first complete

proof that GNN can universally represent a broad class of LPs. More precisely, we prove

that, there exist GNNs that can be arbitrarily close to the following three mappings:

– LP → feasibility,

– LP → optimal objective value (−∞ if unbounded and ∞ if infeasible),

– LP → an optimal solution (if exists),

although they are not continuous functions and cannot be covered by the literature[11, 27,

28,37,38].

• (Experimental Validation). We design and conduct experiments that demonstrate the power

of GNN on representing LP.

The rest of this paper is organized as follows. In Section 2, we provide preliminaries, in-

cluding related notions, definitions and concepts. In Section 3, we show our main theoretical

results. The sketches of proofs are provided in Section4. We validate our results with numerical

experiments in Section 5 and we conclude this paper with Section 6.

2. Preliminaries

In this section, we present concepts and definitions that will be used throughout this paper.

We first describe how to represent an LP with a weighted bipartite graph, then we define

GNN on those LP-induced graphs, and finally we further clarify question (P1) with strict

mathematical definitions.

2.1. LP represented as weighted bipartite graph. Before representing LPs with graphs,

we first define the graph that we will adopt in this paper: weighted bipartite graph. A weighted

bipartite graph G = (V ∪W,E) consists of a vertex set V ∪W that are divided into two groups

V and W with V ∩W = ∅, and a collection E of weighted edges, where each edge connects
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exactly one vertex in V and one vertex in W . Note that there is no edge connecting vertices

in the same vertex group. E can also be viewed as a function E : V ×W → R. We use Gm,n
to denote the collection of all weighted bipartite graphs G = (V ∪W,E) with |V | = m and

|W | = n. We always write V = {v1, v2, . . . , vm}, W = {w1, w2, . . . , wn}, and Ei,j = E(vi, wj),

for i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}.
One can equip each vertex with a feature vector. Throughout this paper, we denote hVi ∈ HV

as the feature vector of vertex vi ∈ V and denote hWj ∈ HW as the feature vector of vertex

wj ∈ W , where HV ,HW are feature spaces. Then we define HVm := (HV )m,HWn := (HW )n

and concatenate all the vertex features together as H = (hV1 , h
V
2 , . . . , h

V
m, h

W
1 , hW2 , . . . , hWn ) ∈

HVm × HWn . Finally, a weighted bipartite graph with vertex features is defined as a tuple

(G,H) ∈ Gm,n ×HVm ×HWn .

With the concepts described above, one can represent an LP (1.1) as a graph [18]. Each

vertex in W represents a variable in LP and each vertex in V represents a constraint. The

graph topology is defined with the matrix A in the linear constraint. More specifically, let us

set

• Vertex vi represents the i-th constraint in Ax ◦ b, and vertex wj represents the j-th variable

xj .

• Information of constraints is involved in the feature of vi: h
V
i = (bi, ◦i).

• The space of constraint features is defined as HV := R× {≤,=,≥}.
• Information of variables is involved in the feature of wi: h

W
j = (cj , lj , uj).

• The space of variable features is defined as HW := R× (R ∪ {−∞})× (R ∪ {+∞}).
• The edge connecting vi and wj has weight Ei,j = Ai,j .

Then an LP is represented as a graph (G,H) ∈ Gm,n × HVm × HWn . In the rest of this paper,

we coin such graphs as LP-induced Graphs or LP-Graphs for simplicity. We present an LP

instance and its corresponding LP-graph in Figure 1.

min
x∈R3

x1 + x2 + 2x3,

s.t. x1 + 2x2 + x3 ≥ 1,

2x1 + x2 + x3 ≥ 1,

x1 ≥ −2,

x2 ≥ −2,

− 3 ≤ x3 ≤ 3.

v1

v2

w1

w2

w3

hV1 = (1,≥)

hV2 = (1,≥)

hW1 = (1,−2,+∞)

hW2 = (1,−2,+∞)

hW3 = (2,−3, 3)

1

2

1

2

1

1

Figure 1. An example of LP-graph

2.2. Graph neural networks for LP. Now we define GNNs on LP-graphs. The GNNs in

this paper always take an LP-Graph as input and the output has two cases:

• The output is a single real number. In this case, GNN is a function Gm,n ×HVm ×HWn → R
and usually used to predict the properties of the whole graph.
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• Each vertex in W has an output. Consequently, GNN is a function Gm,n×HVm×HWn → Rn.

Since W represents variables in LP, GNN is used to predict properties of each variable in

this case.

Now we define the GNN structure precisely. First we encode the input features into the em-

bedding space with learnable functions fVin : HV → Rd0 and fWin : HW → Rd0

(2.1) h0,V
i = fVin (hVi ), h0,W

j = fWin (hWj ), i = 1, 2, . . . ,m, j = 1, 2, . . . , n,

where h0,V
i , h0,W

j ∈ Rd0 are initial embedded vertex features, d0 is their dimension. Then we

choose learnable functions fVl , f
W
l : Rdl−1 → Rdl and gVl , g

W
l : Rdl−1 × Rdl → Rdl and update

the hidden states with2:

hl,Vi = gVl

(
hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

)
, i = 1, 2, . . . ,m,(2.2)

hl,Wj = gWl

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)
, j = 1, 2, . . . , n,(2.3)

where hl,Vi , hl,Wj ∈ Rdl are vertex features are layer l(1 ≤ l ≤ L) and their dimensions are

d1, · · · , dL respectively. The output layer of the single-output GNN is defined with learnable

function fout : RdL × RdL → R

(2.4) yout = fout

( m∑
i=1

hL,Vi ,

n∑
j=1

hL,Wj

)
.

The output of the vertex-output GNN is defined with learnable function fWout : RdL × RdL ×
RdL → R

(2.5) yout(wj) = fWout

( m∑
i=1

hL,Vi ,

n∑
j=1

hL,Wj , hL,Wj

)
, j = 1, 2, · · · , n.

We denote collections of single-output GNNs and vertex-output GNNs with FGNN and FWGNN

respectively.

(2.6)
FGNN ={F : Gm,n ×HVm ×HWn → R | F yields (2.1), (2.2), (2.3), (2.4)},

FWGNN ={F : Gm,n ×HVm ×HWn → Rn | F yields (2.1), (2.2), (2.3), (2.5)}.

In practice, all the learnable functions in GNN fVin , f
W
in , fout, f

W
out, {fVl , fWl , gVl , g

W
l }Ll=0 are usu-

ally parameterized with multi-linear perceptrons (MLP). In our theoretical analysis, we assume

for simplicity that those functions may take all continuous functions on given domains, fol-

lowing the settings in [4, Section C.1]. Thanks to the universal approximation properties of

MLP [12,24], one can extend our theoretical results by taking those learnable functions as large

enough MLPs.

2Note that the update rules in (2.2) and (2.3) follow a message-passing way, where each vertex only collects

information from its neighbors. Since Ei,j = 0 if there is no connection between vertices vi and wj , the sum

operator in (2.2) can be rewritten as
∑

j∈N (vi)
, where N (vi) denotes the set of neighbors of vertex vi.
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2.3. Revisiting question (P1). With the definitions of LP-Graph and GNN defined above,

we revisit question (P1) and give a more precise mathematical description here. First we define

three mappings that respectively describe the feasibility, optimal objective value and an optimal

solution of an LP.

Feasibility mapping. The feasibility mapping is a classification function

(2.7) Φfeas : Gm,n ×HVm ×HWn → {0, 1},

where Φfeas(G,H) = 1 if the LP associated with (G,H) is feasible and Φfeas(G,H) = 0 other-

wise.

Optimal objective value mapping. Denote

(2.8) Φobj : Gm,n ×HVm ×HWn → R ∪ {∞,−∞},

as the optimal objective value mapping, i.e., for any (G,H) ∈ Gm,n×HVm×HWn , Φobj(G,H) is

the optimal objective value of the LP problem associated with (G,H).

Remark 2.1. The optimal objective value of a LP problem can be a real number or ∞/−∞.

The “∞” case corresponds to infeasible problems, while the “−∞” case consists of LP problems

whose objective function is unbounded from below in the feasible region. The preimage of all

finite real numbers under Φobj, Φ−1
obj(R), actually describes all LPs with finite optimal objective

value.

Remark 2.2. In the case that a LP problem has finite optimal objective value, it is possible

that the problem admits multiple optimal solutions. However, the optimal solution with the

smallest `2-norm must be unique. In fact, if x 6= x′ are two different solutions with ‖x‖ = ‖x′‖.
Then 1

2 (x + x′) is also an optimal solution due to the convexity of LPs, and it holds that

‖ 1
2 (x + x′)‖2 < 1

2‖x‖
2 + 1

2‖x
′‖2 = ‖x‖2 = ‖x′‖2, i.e., ‖ 1

2 (x + x′)‖ < ‖x‖ = ‖x′‖, where the

inequality is strict since x 6= x′. Therefore, x and x′ cannot be optimal solutions with the

smallest `2-norm.

Optimal solution mapping. For any (G,H) ∈ Φ−1
obj(R), we have remarked before that the

LP problem associated with (G,H) has a unique optimal solution with the smallest `2-norm.

Let

(2.9) Φsolu : Φ−1
obj(R)→ Rn,

be the mapping that maps (G,H) ∈ Φ−1
obj(R) to the optimal solution with the smallest `2-norm.

Invariance and Equivariance. We denote Sm, Sn as the group consisting of all permutations

on vertex groups V,W respectively. In another word, Sm involves all permutations on the

constraints of LP and Sn involves all permutations on the variables. In this paper, we say a

function F : Gm,n ×HVm ×HWn → R is invariant if it satisfies

F (G,H) = F ((σV , σW ) ∗ (G,H)) , ∀σV ∈ Sm, σW ∈ Sn,

and a function FW : Gm,n ×HVm ×HWn → Rn is equivariant if it satisfies

σW (FW (G,H)) = FW ((σV , σW ) ∗ (G,H))) , ∀σV ∈ Sm, σW ∈ Sn,
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where (σV , σW )∗(G,H) is the permuted graph obtained from reordering indices in (G,H) using

(σV , σW ), which is the group action Sm × Sn on Gm,n ×HVm ×HWn . One can check that Φfeas

and Φobj and any F ∈ FGNN are invariant, Φsolu and any FW ∈ FWGNN are equivariant.

Question (P1) actually asks: are there GNNs that can accurately approximate Φfeas, Φobj

and Φsolu? More precisely, does there exist F ∈ FGNN that is arbitrarily close to Φfeas and

Φobj? And does there exist FW ∈ FWGNN that is arbitrarily close to Φsolu?

3. Main results

This section presents our main theorems that answer question (P1). As we state in the

introduction, representation power is built upon separation power in our paper. We first present

with the following theorem that GNN has strong enough separation power to represent LP.

Theorem 3.1. For any two LP problems respectively corresponding to (G,H), (Ĝ, Ĥ) ∈ Gm,n×
HVm×HWn , if F (G,H) = F (Ĝ, Ĥ), ∀ F ∈ FGNN, then they share some common characteristics:

(i) Both LP problems are feasible or both are infeasible, i.e., Φfeas(G,H) = Φfeas(Ĝ, Ĥ).

(ii) The two LP problems have the same optimal objective value, i.e., Φobj(G,H) = Φobj(Ĝ, Ĥ).

(iii) If both problems are feasible with finite optimal objective value, then they have the same

optimal solution with the smallest `2-norm, up to a permutation.

Furthermore, if FW (G,H) = FW (Ĝ, Ĥ), ∀ FW ∈ FWGNN, then (iii) holds without taking per-

mutations, i.e., Φsolu(G,H) = Φsolu(Ĝ, Ĥ).

This theorem demonstrates that the function spaces FGNN and FWGNN are rich enough to

distinguish the characteristics of LP. Given two LP instances (G,H), (Ĝ, Ĥ), as long as their

feasibility or boundedness are different, there must exist F ∈ FGNN that can distinguish them:

F (G,H) 6= F (Ĝ, Ĥ). Moreover, as long as their optimal solutions with the smallest `2-norm

are different, there must exist FW ∈ FWGNN that can distinguish them: FW (G,H) 6= FW (Ĝ, Ĥ).

With Theorem 3.1 served as a foundation, we can prove that GNN universally approximates

the three mappings Φfeas, Φobj and Φsolu. Before presenting those results, we first define some

concepts of the space Gm,n ×HVm ×HWn .

Topology and measure. Let us define the topology and the measure on Gm,n ×HVm ×HWn ,

whereHV = R×{≤,=,≥} andHW = R×(R∪{−∞})×(R∪{+∞}). Throughout this paper, we

consider Gm,n×HVm×HWn as a topology space with product topology and measurable space with

product measure. It’s enough to define the topology and measure of each part separately. Since

each graph in this paper (without vertex features) can be represented with matrix A ∈ Rm×n,

the graph space Gm,n is isomorphic to the Euclidean space Rm×n: Gm,n ∼= Rm×n and we equip

Gm,n with the standard Euclidean topology and the standard Lebesgue measure. The real

spaces R in HW and HV are also equipped with the standard Euclidean topology and Lebesgue

measure. All the discrete spaces {≤,=,≥}, {−∞}, and {+∞} have the discrete topology, and

all unions are disjoint unions. We equip those spaces with a discrete measure µ(S) = |S|, where

|S| is the number of elements in a discrete space S. This finishes the whole definition and we

denote Meas(·) as the measure on Gm,n ×HVm ×HWn .

dgyoung
高亮
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Theorem 3.2. Let X ⊂ Gm,n ×HVm ×HWn be measurable with finite measure. For any ε > 0,

there exists some F ∈ FGNN, such that

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 6= Φfeas(G,H)
})

< ε,

where I· is the indicator function, i.e., IF (G,H)>1/2 = 1 if F (G,H) > 1/2 and IF (G,H)>1/2 = 0

otherwise.

This theorem shows that GNN is a good classifier for LP instances in X as long as X has finite

measure. If we use F (G,H) > 1/2 as the criteria to predict the feasibility, the classification

error rate is controlled by ε/Meas(X), where ε can be arbitrarily small. Furthermore, we show

that GNN can perfectly fit any dataset with finite samples, which is presented in the following

corollary.

Corollary 3.3. For any D ⊂ Gm,n ×HVm ×HWn with finite instances, there exists F ∈ FGNN

that

IF (G,H)>1/2 = Φfeas(G,H), ∀ (G,H) ∈ D.

Besides feasibility, GNN can also approximate the optimal objective value and the optimal

solution with the smallest `2-norm up to any given precision. The following theorems provide

formal statements.

Theorem 3.4. Let X ⊂ Gm,n ×HVm ×HWn be measurable with finite measure. For any ε > 0,

there exists F1 ∈ FGNN such that

(3.1) Meas
({

(G,H) ∈ X : IF1(G,H)>1/2 6= IΦobj(G,H)∈R
})

< ε.

For any ε, δ > 0, there exists F2 ∈ FGNN such that

(3.2) Meas
({

(G,H) ∈ X ∩ Φ−1
obj(R) : |F2(G,H)− Φobj(G,H)| > δ

})
< ε.

Recall the definition of Φobj in (2.8) that it can take {±∞} as its value. Thus, Φobj(G,H) ∈ R
means the LP corresponding to (G,H) is feasible and bounded with a finite optimal objective

value, and inequality (3.1) illustrates that GNN can identify those feasible and bounded LPs

among the whole set X, up to a given precision ε. Inequality (3.2) shows that GNN can also

approximate the optimal value. The measure of the set of LP instances of which the optimal

value cannot be approximated with δ-precision is controlled by ε. The following corollary gives

the results on dataset with finite instances.

Corollary 3.5. Let D ⊂ Gm,n ×HVm ×HWn be a finite dataset. There exists F1 ∈ FGNN such

that

IF1(G,H)>1/2 = IΦobj(G,H)∈R, ∀ (G,H) ∈ D.

For any δ > 0, there exists F2 ∈ FGNN, such that

|F2(G,H)− Φobj(G,H)| < δ, ∀ (G,H) ∈ D ∩ Φ−1
obj(R).

Finally, we show that GNN is able to represent the solution mapping Φsolu.

dgyoung
高亮

dgyoung
高亮

dgyoung
高亮
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Theorem 3.6. Let X ⊂ Φ−1
obj(R) ⊂ Gm,n × HVm × HWn be measurable with finite measure and

be closed under actions in Sm×Sn. For any ε, δ > 0, there exists some FW ∈ FWGNN, such that

Meas ({(G,H) ∈ X : ‖F (G,H)− Φsolu(G,H)‖ > δ}) < ε.

Corollary 3.7. Let D ⊂ Φ−1
obj(R) ⊂ Gm,n×HVm×HWn be a finite dataset. For any δ > 0, there

exists some FW ∈ FWGNN, such that

‖F (G,H)− Φsolu(G,H)‖ < δ, ∀ (G,H) ∈ D.

4. Sketch of proof

In this section, we will present a sketch of our proof lines and provide examples to show the

intuitions. The full proof lines are presented in the appendix.

Separation power. Separation power of GNN is closely related to the graph isomorphism

problem. To identify whether two given graphs are isomorphic, one may apply the Weisfeiler-

Lehman (WL) test [50], a widely studied method that can distinguish a broad class of graphs.

It has been shown in the literature that the separation power of GNN is actually equal to the

standard WL test. Thus, we present some concepts of the WL test before analyzing GNN.

Algorithm 1 The WL test for LP-Graphs (denoted by WLLP)

Require: A graph instance (G,H) ∈ Gm,n ×HVm ×HWn and iteration limit L > 0.

1: Initialize with C0,V
i = HASH0,V (hVi ), C0,W

j = HASH0,W (hWj ).

2: for l = 1, 2, · · · , L do

3: Cl,Vi = HASHl,V

(
Cl−1,V
i ,

∑n
j=1Ei,jHASH′l,W

(
Cl−1,W
j

))
.

4: Cl,Wj = HASHl,W

(
Cl−1,W
j ,

∑n
i=1Ei,jHASH′l,V

(
Cl−1,V
i

))
.

5: end for

6: return The multisets containing all colors {{CL,Vi }}mi=0, {{C
L,W
j }}nj=0.

To apply the WL test on LP-graphs, we describe a modified WL test in Algorithm 1, that is

slightly different with the standard WL test. In Algorithm 1, the hash functions are injective

mappings, and multisets are collections of elements that allow multiple appearance of the

same element. {{}} will be used throughout this paper to denote the multisets. We denote

Algorithm 1 by WLLP(·), and we say that two LP-graphs (G,H), (Ĝ, Ĥ) can be distinguished

by Algorithm 1 if and only if there exist a positive integer L and injective hash functions

{HASHl,V ,HASHl,W }Ll=0 such that

WLLP

(
(G,H), L

)
6= WLLP

(
(Ĝ, Ĥ), L

)
.

Unfortunately, similar with the standard WL test (see e.g. [15] and references therein), Algo-

rithm 1 does not perfectly solve the graph isomorphism problem on all LP-graphs. There exist

infinitely many pairs of non-isomorphic LP-graphs that cannot be distinguished by Algorithm 1.

Figure 2 provide such an example.

However, for two LP-graphs that cannot be distinguished by Algorithm 1, they must share

some common characteristics even if they are not isomorphic. For example, let us consider the

dgyoung
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v1

v2

v3

v4

w1

w2

w3

w4

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x3 = 1,

x3 + x4 = 1,

x4 + x1 = 1,

xj ≥ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 ≤ 1,

x2 + x3 ≤ 1,

x3 + x4 ≤ 1,

x4 + x1 ≤ 1,

xj ≤ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x3 = 1,

x3 + x4 = 1,

x4 + x1 = 1,

xj ≤ 1, 1 ≤ j ≤ 4.

v1

v2

v3

v4

w1

w2

w3

w4

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x1 = 1,

x3 + x4 = 1,

x4 + x3 = 1,

xj ≥ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 ≤ 1,

x2 + x1 ≤ 1,

x3 + x4 ≤ 1,

x4 + x3 ≤ 1,

xj ≤ 1, 1 ≤ j ≤ 4.

min x1 + x2 + x3 + x4,

s.t. x1 + x2 = 1,

x2 + x1 = 1,

x3 + x4 = 1,

x4 + x3 = 1,

xj ≤ 1, 1 ≤ j ≤ 4.

Figure 2. LP-graphs that cannot be distinguished by the WL test since neigh-

bor information of {vi} and {wj} in the two graphs is equal. Based on the

graph pair, we construct three pairs of LPs that are both infeasible, both un-

bounded, both feasible bounded with the same optimal solution, respectively.

6 LP problems in Figure 2. In each of the three columns, the two non-isomorphic LP problems

cannot be distinguished by the WL test. It can be checked that the two problems in the

same column share some common characteristics. More specifically, both problems in the first

column are infeasible; both problems in the second column are feasible but unbounded; both

problems in the third column are feasible and bounded with (1/2, 1/2, 1/2, 1/2) as the optimal

solution with the smallest `2-norm. Actually, this phenomenon does not only happen on the

above instances, but also serves as an universal principle for all LP instances. We summarize

the results in the following theorem:

Theorem 4.1. If (G,H), (Ĝ, Ĥ) ∈ Gm,n ×HVm ×HWn are not distinguishable by Algorithm 1,

then

Φfeas(G,H) = Φfeas(Ĝ, Ĥ), Φobj(G,H) = Φobj(Ĝ, Ĥ).

Furthermore, if (G,H), (Ĝ, Ĥ) ∈ Φ−1
obj(R), it holds that Φsolu(G,H) = σW (Φsolu(Ĝ, Ĥ)) for

some σW ∈ Sn.

In other words, the above theorem guarantees the sufficient power of the WL test for sepa-

rating LP problems with different characteristics, including feasibility, optimal objective value,

and optimal solution with smallest `2-norm (up to permutation). This combined with the

following theorem, which states the equivalence of the separation powers of the WL test and

GNNs, yields that GNNs also have sufficient separation power for LP-graphs in the above sense.

Theorem 4.2. For any (G,H), (Ĝ, Ĥ) ∈ Gm,n ×HVm ×HWn , the followings are equivalent:

dgyoung
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(i) (G,H) and (Ĝ, Ĥ) are not distinguishable by Algorithm 1.

(ii) F (G,H) = F (Ĝ, Ĥ), ∀ F ∈ FGNN.

(iii) For any FW ∈ FWGNN, there exists σW ∈ Sn such that FW (G,H) = σW (FW (Ĝ, Ĥ)).

Theorem 4.2 extends the results in [4,19,52] to the case with the modified WL test (Algorithm

1) and LP-graphs.

Representation power. Based on the separation power of GNNs, one is able to investigate

the representation/approximation power of GNNs. To prove Theorems 3.2, 3.4, and 3.6, we

first determine the closure of FGNN or FWGNN in the space of invariant/equivariant continuous

functions with respect to the sup-norm, which is also named as the universal approximation.

The result of FGNN is stated as follows, where C(X,R) is the collection/algebra of all real-valued

continuous function on X. The result of FWGNN can be found in the appendix.

Theorem 4.3. Let X ⊂ Gm,n×HVm×HWn be a compact set. For any Φ ∈ C(X,R) that satisfies

Φ(G,H) = Φ(Ĝ, Ĥ) for all (G,H), (Ĝ, Ĥ) that are not distinguishable by Algorithm 1, and for

any ε > 0, there exists F ∈ FGNN such that

sup
(G,H)∈X

|Φ(G,H)− F (G,H)| < ε.

Theorem 4.3 can be viewed as an LP-graph version of results in [4, 19]. Roughly speak-

ing, graph neural networks can approximate any invariant continuous function with arbitrarily

small error. Although our target mappings Φfeas,Φobj,Φsolu are not continuous, we prove (in

appendix) that they are measurable. Applying Lusin’s theorem [17, Theorem 1.14], we show

that GNN can be arbitrarily close to the target mappings except for a small domain.

5. Numerical Experiments

We present the numerical results that validate our theoretical results in this section. We gen-

erate LP instances with m = 10 and n = 50 that are possibly infeasible or feasible and bounded.

To check whether GNN can predict feasibility, we generate three data sets with 100, 500, 2500 in-

dependent LP instances respectively, and call the solver wrapped in scipy.optimize.linprog

to get the feasibility, optimal value and an optimal solution for each generated LP. To generate

enough feasible and bounded LPs to check whether GNN can approximate the optimal objective

value and optimal solution, we follow the same approach as before to generate LP randomly

and discard those infeasible LPs until the number of LPs reach our requirement. We train

GNNs to fit the three LP characteristics by minimizing the distance between GNN-output and

those solver-generated answers. The building and the training of the GNNs are implemented

using TensorFlow and the codes are modified from3 [18]. We set L = 2 for all GNNs and those

learnable functions fVin , f
W
in , fout, f

W
out, {fVl , fWl , gVl , g

W
l }Ll=0 are all parameterized with MLPs.

Details can be found in the appendix. Our results are reported in Figure 3.

All the errors reported in Figure 3 are training errors since generalization is out of the

scope of this paper. In Figure 3a, the “rate of errors” means the proportion of instances

with IF (G,H)>1/2 6= Φfeas(G,H). This metric exactly equals to zeros as long as the number

3Our codes are modified from https://github.com/ds4dm/learn2branch and we will release codes.

https://github.com/ds4dm/learn2branch
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(c) Optimal solution

Figure 3. GNN can approximate Φfeas, Φobj, and Φsolu

of parameters in GNN is large enough, which directly validates Corollary 3.3. With the three

curves in Figure 3a combined together, we conclude that such principle does not violate as the

number of samples increases. This consists with Theorem 3.2. Mean squared errors in Figures

3b and 3c are respectively defined as E(G,H)|F (G,H) − Φfeas(G,H)|2 and E(G,H)‖F (G,H) −
Φfeas(G,H)‖2. Therefore, Figures 3b and 3c validates Theorems 3.4 and 3.6 respectively. Note

that all the instances used in Figure 3b are feasible and bounded. Thus, Figure 3b actually

only validates (3.2) in Theorem 3.4. However, due to the fact that feasibility of an LP is equal

to the boundedness of its dual problem, one may dualize each LP and use the conclusion of

Figure 3a to validate (3.1) in Theorem 3.4.

6. Conclusions

In this work, we show that graph neural networks, as well as the WL test, have sufficient

separation power to distinguish linear programming problems with different characteristics. In

addition, GNNs can approximate LP feasibility, optimal objective value, and optimal solution

with arbitrarily small errors on compact domains or finite datasets. These results guarantee

that GNN is a proper class of machine learning models to represent linear programs, and

hence contribute to the theoretical foundation in the learning-to-optimize community. Future

directions include investing the representation power of graph neural networks for mixed-integer

linear programming (MILP), which has been observed with promising experimental results in

the literature.
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[28] Nicolas Keriven and Gabriel Peyré, Universal invariant and equivariant graph neural networks, Advances

in Neural Information Processing Systems 32 (2019).

[29] Elias Khalil, Hanjun Dai, Yuyu Zhang, Bistra Dilkina, and Le Song, Learning combinatorial optimization

algorithms over graphs, Advances in neural information processing systems 30 (2017).

[30] Elias B Khalil, Christopher Morris, and Andrea Lodi, Mip-gnn: A data-driven framework for guiding

combinatorial solvers, Update 2 (2022), x3.

[31] Diederik P Kingma and Jimmy Ba, Adam: A method for stochastic optimization, arXiv preprint

arXiv:1412.6980 (2014).

[32] Wouter Kool, Herke van Hoof, and Max Welling, Attention, learn to solve routing problems!, International

conference on learning representations, 2019.

[33] Pan Li and Jure Leskovec, The expressive power of graph neural networks, Graph neural networks: Foun-

dations, frontiers, and applications, 2022, pp. 63–98.

[34] Xijun Li, Qingyu Qu, Fangzhou Zhu, Jia Zeng, Mingxuan Yuan, Kun Mao, and Jie Wang, Learning to

reformulate for linear programming, arXiv preprint arXiv:2201.06216 (2022).

[35] Defeng Liu, Matteo Fischetti, and Andrea Lodi, Learning to search in local branching, Proceedings of the

aaai conference on artificial intelligence, 2022, pp. 3796–3803.

[36] Andreas Loukas, What graph neural networks cannot learn: depth vs width, International conference on

learning representations, 2020.

[37] Haggai Maron, Heli Ben-Hamu, Hadar Serviansky, and Yaron Lipman, Provably powerful graph networks,

Advances in neural information processing systems 32 (2019).

[38] Haggai Maron, Ethan Fetaya, Nimrod Segol, and Yaron Lipman, On the universality of invariant networks,

International conference on machine learning, 2019, pp. 4363–4371.

[39] Nina Mazyavkina, Sergey Sviridov, Sergei Ivanov, and Evgeny Burnaev, Reinforcement learning for com-

binatorial optimization: A survey, Computers & Operations Research 134 (2021), 105400.

[40] Vishal Monga, Yuelong Li, and Yonina C Eldar, Algorithm unrolling: Interpretable, efficient deep learning

for signal and image processing, IEEE Signal Processing Magazine 38 (2021), no. 2, 18–44.

[41] Vinod Nair, Sergey Bartunov, Felix Gimeno, Ingrid von Glehn, Pawel Lichocki, Ivan Lobov, Bren-

dan O’Donoghue, Nicolas Sonnerat, Christian Tjandraatmadja, Pengming Wang, Ravichandra Addanki,

Tharindi Hapuarachchi, Thomas Keck, James Keeling, Pushmeet Kohli, Ira Ktena, Yujia Li, Oriol Vinyals,

and Yori Zwols, Solving mixed integer programs using neural networks, arXiv preprint arXiv:2012.13349

(2020).

[42] Max B Paulus, Giulia Zarpellon, Andreas Krause, Laurent Charlin, and Chris Maddison, Learning to cut by

looking ahead: Cutting plane selection via imitation learning, International conference on machine learning,

2022, pp. 17584–17600.

[43] Yun Peng, Byron Choi, and Jianliang Xu, Graph learning for combinatorial optimization: a survey of

state-of-the-art, Data Science and Engineering 6 (2021), no. 2, 119–141.

[44] Qingyu Qu, Xijun Li, Yunfan Zhou, Jia Zeng, Mingxuan Yuan, Jie Wang, Jinhu Lv, Kexin Liu, and Kun

Mao, An improved reinforcement learning algorithm for learning to branch, arXiv preprint arXiv:2201.06213

(2022).

[45] Walter Rudin, Functional analysis, 2nd ed., International series in pure and applied mathematics, McGraw-

Hill, 1991.

[46] Ryoma Sato, A survey on the expressive power of graph neural networks, arXiv preprint arXiv:2003.04078

(2020).

[47] Ryoma Sato, Makoto Yamada, and Hisashi Kashima, Approximation ratios of graph neural networks for

combinatorial problems, Advances in Neural Information Processing Systems 32 (2019).



ON REPRESENTING LINEAR PROGRAMS BY GRAPH NEURAL NETWORKS 15

[48] Yunzhuang Shen, Yuan Sun, Andrew Eberhard, and Xiaodong Li, Learning primal heuristics for mixed

integer programs, 2021 international joint conference on neural networks (ijcnn), 2021, pp. 1–8.

[49] Vlad Timofte, Stone–weierstrass theorems revisited, Journal of Approximation Theory 136 (2005), no. 1,

45–59.

[50] Boris Weisfeiler and Andrei Leman, The reduction of a graph to canonical form and the algebra which

appears therein, NTI, Series 2 (1968), no. 9, 12–16.

[51] Zonghan Wu, Shirui Pan, Fengwen Chen, Guodong Long, Chengqi Zhang, and S Yu Philip, A comprehensive

survey on graph neural networks, IEEE transactions on neural networks and learning systems 32 (2020),

no. 1, 4–24.

[52] Keyulu Xu, Weihua Hu, Jure Leskovec, and Stefanie Jegelka, How powerful are graph neural networks?,

International conference on learning representations, 2019.

[53] Jie Zhou, Ganqu Cui, Shengding Hu, Zhengyan Zhang, Cheng Yang, Zhiyuan Liu, Lifeng Wang, Changcheng

Li, and Maosong Sun, Graph neural networks: A review of methods and applications, AI Open 1 (2020),

57–81.

Appendix A. Weisfeiler-Lehman (WL) Test and color refinement

The WL test can be viewed as a coloring refinement procedure if there are no collisions of

hash functions and their weighted averages. More specifically, each vertex is colored initially

according to the group it belongs to and its feature – two vertices have the same color if and

only if they are in the same vertex group and have the same feature. The initial colors are

denoted as C0,V
1 , C0,V

2 , . . . , C0,V
m , C0,W

1 , C0,W
2 , . . . , C0,W

n . Then at iteration l, the set of vertices

with the same color at iteration l − 1 are further partitioned into several subsets according to

the colors of their neighbours – two vertices vi and vi′ are in the same subset if and only if

Cl−1,V
i = Cl−1,V

i′ and for any C ∈ {Cl−1,W
j : 1 ≤ j ≤ n},∑

Cl−1,W
j =C

Ei,j =
∑

Cl−1,W
j =C

Ei′,j ,

and it is similar for vertices wj and wj′ . After such partition/refinement, vertices are associated

with the same color if and only if they are in the same subset, which is the coloring at iteration

l. This procedure is terminated if the refinement is trivial, meaning that no sets with the same

color are partitioned into at least two subsets, i.e., the coloring is stable. For more information

about color refinement, we refer to [2, 3, 6].

We then discuss the stable coloring that Algorithm 1 will converge to, for which we made

the following definition, where S = {S1, S2, . . . , Ss} is called a partition of a set S if S1 ∪ S2 ∪
· · · ∪ Ss = S and Si ∩ Si′ = ∅, ∀ 1 ≤ i < i′ ≤ s.

Definition A.1 (Stable Partition Pair of Vertices). Let G = (V ∪ W,E) be a weighted bi-

partite graph with V = {v1, v2, . . . , vn}, W = {w1, w2, . . . , wn}, and vertex features H =

(hV1 , h
V
2 , . . . , h

V
m, h

W
1 , hW2 , . . . , hWn ), and let I = {I1, I2, . . . , Is} and J = {J1, J2, . . . , Jt} be

partitions of {1, 2, . . . ,m} and {1, 2, . . . , n}, respectively. We say that (I,J ) is a stable parti-

tion pair of vertices for the graph G if the followings are satisfied:

(i) hVi = hVi′ holds if i, i′ ∈ Ip for some p ∈ {1, 2, . . . , s}.
(ii) hWj = hWj′ holds if j, j′ ∈ Jq for some q ∈ {1, 2, . . . , t}.

(iii) For any p ∈ {1, 2, . . . , s}, q ∈ {1, 2, . . . , t}, and i, i′ ∈ Ip,
∑
j∈Jq Ei,j =

∑
j∈Jq Ei′,j.
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(iv) For any p ∈ {1, 2, . . . , s}, q ∈ {1, 2, . . . , t}, and j, j′ ∈ Jq,
∑
i∈Ip Ei,j =

∑
i∈Ip Ei,j′ .

We denote (Il,J l) as the partition pair corresponding the coloring at iteration l of Al-

gorithm 1. Suppose that there are no collisions. Then it is clear that (Il+1,J l+1) is finer

than (Il,J l), denoted as (Il+1,J l+1) � (Il,J l), which means that for any I ∈ Il+1 and

any J ∈ J l+1, there exist I ′ ∈ Il and J ′ ∈ J l such that I ⊂ I ′ and J ⊂ J ′. In ad-

dition, (Il+1,J l+1) = (Il,J l) if and only if (Il,J l) is a stable partition pair of vertices.

Note that there is at most O(|V | + |W |) iterations leading to strictly finer partition pair, i.e,

(Il+1,J l+1) � (Il,J l) but (Il+1,J l+1) 6= (Il,J l). We can immediately obtain the following

result:

Theorem A.2. If there are no collision of hash functions and their weighted averages, then

Algorithm 1 terminates at a stable partition pair of vertices in O(|V |+ |W |) iterations.

Furthermore, for every (G,H) ∈ Gm,n × HVm × HWn , the coarsest stable partition pair of

vertices exists and is unique, which can be proved using techniques similar to the proof of

[6, Proposition 3]. Algorithm 1 terminates at the unique coarsest stable partition pair. This is

because that the coloring gin each iteration of Algorithm 1 is always coarser than the unique

coarsest stable partition pair (see [6, Proposition 2]).

Appendix B. The separation power of the WL test

This section gives the proof and some corollaries of Theorem 4.1. First we present some

definitions and lemmas, from which the proof of Theorem 4.1 can be immediately derived.

Definition B.1. Given (G,H), (Ĝ, Ĥ) ∈ Gm,n×HVm×HWn , we say that (G,H) and (Ĝ, Ĥ) can

be distinguished by the WL test if there exists some L ∈ N and some choices of hash functions,

HASH0,V , HASH0,W , HASHl,V , HASHl,W , HASH′l,V , and HASH′l,W , for l = 1, 2, . . . , L, such

that the multisets of colors at the L-th iteration of the WL test are different for (G,H) and

(Ĝ, Ĥ). Let ∼ be an equivalence relationship on Gm,n×HVm×HWn defined via: (G,H) ∼ (Ĝ, Ĥ)

if and only if they can not be distinguished by the WL test.

It is clear that (G,H) ∼ (Ĝ, Ĥ) if they are isometric, i.e., there exist two permutations, σV :

{1, 2, . . . ,m} → {1, 2, . . . ,m} and σW : {1, 2, . . . , n} → {1, 2, . . . , n}, such that EσV (i),σW (j) =

Êi,j , h
V
σV (i) = ĥVi , and hWσW (j) = ĥWj , for any i ∈ {1, 2, . . . ,m} and j ∈ {1, 2, . . . , n}. However,

not every pair of WL-indistinguishable graphs consists of isometric ones; see Figure 2 for an

example. However, for LP problems that cannot be distinguished by the WL test will share

some common properties, even if their associated graphs are not isomorphic.

Lemma B.2. If two weighted bipartite graphs with vertex features corresponding to two LP

problems are indistinguishable by the WL test, then either both problems are feasible or both

are infeasible. In other words, the WL test can distinguish two LP problems if one of them is

feasible while the other one is infeasible.

dgyoung
高亮
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Proof of Lemma B.2. Let us consider two LP problems:

min
x∈Rn

c>x,

s.t. Ax ◦ b, l ≤ x ≤ u,
(B.1)

and

min
x∈Rn

ĉ>x,

s.t. Âx ◦̂ b̂, l̂ ≤ x ≤ û.
(B.2)

Let (G,H) and (Ĝ, Ĥ), where G = (V ∪W,E) and Ĝ = (V ∪W, Ê), be the weighted bipartite

graphs with vertex features corresponding to (B.1) and (B.2), respectively.

Since (G,H) ∼ (Ĝ, Ĥ), for some choice of hash functions with no collision during Algo-

rithm 1 for (G,H) and (Ĝ, Ĥ), Theorem A.2 guarantees that Algorithm 1 outputs the same

stable coloring for (G,H) and (Ĝ, Ĥ) up to permutation. More specifically, after doing some

permutation, there exist I = {I1, I2, . . . , Is} and J = {J1, J2, . . . , Jt} that are partitions of

{1, 2, . . . ,m} and {1, 2, . . . , n}, respectively, such that the followings hold:

• (bi, ◦i) = (b̂i, ◦̂i) and is independent of i ∈ Ip, for any p ∈ {1, 2, . . . , s}.
• (lj , uj) = (l̂j , ûj) and is independent of j ∈ Jq for any q ∈ {1, 2, . . . , t}.
• For any p ∈ {1, 2, . . . , s} and q ∈ {1, 2, . . . , t},

∑
j∈Jq Ai,j =

∑
j∈Jq Âi,j and is independent

of i ∈ Ip.
• For any p ∈ {1, 2, . . . , s} and q ∈ {1, 2, . . . , t},

∑
i∈Ip Ai,j =

∑
i∈Ip Âi,j and is independent of

j ∈ Jq.

Suppose that the problem (B.1) is feasible with x ∈ Rn be some point in the feasible region.

Define y ∈ Rt via yq = 1
|Jq|

∑
j∈Jq xj and x̂ ∈ Rn via x̂j = yq, j ∈ Jq. Fix any p ∈ {1, 2, . . . , s}

and some i0 ∈ Ip. It holds for any i ∈ Ip that

n∑
j=1

Ai,jxj ◦i bi, i.e.,

t∑
q=1

∑
j∈Jq

Ai,jxj ◦i0 bi0 ,

which implies that

1

|Ip|
∑
i∈Ip

t∑
q=1

∑
j∈Jq

Ai,jxj =
1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Ai,j

xj ◦i0 bi0 .

Notice that
∑
i∈Ip Ai,j is constant for j ∈ Jq, ∀ q ∈ {1, 2, . . . , t}. Let us denote αq =∑

i∈Ip Ai,j =
∑
i∈Ip Âi,j for any j ∈ Jq. Then it holds that

1

|Ip|

t∑
q=1

∑
j∈Jq

αqxj =
1

|Ip|

t∑
q=1

∑
j∈Jq

αqyq =
1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Âi,j

 yq ◦i0 bi0 .

Note that

1

|Ip|

t∑
q=1

∑
j∈Jq

∑
i∈Ip

Âi,j

 yq =
1

|Ip|
∑
i∈Ip

t∑
q=1

∑
j∈Jq

Âi,j

 yq,
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and that
∑
j∈Jq Âi,j is constant for i ∈ Ip. So one can conclude that

n∑
j=1

Âi,j x̂j =

t∑
q=1

∑
j∈Jq

Âi,j x̂j =

t∑
q=1

∑
j∈Jq

Âi,j

 yq ◦i bi, ∀ i ∈ Ip,

which leads to Âx̂ ◦̂ b̂. It can also be seen that l̂ = l ≤ x̂ ≤ u ≤ û. Therefore, x̂ is feasible for

(B.2).

We have shown above that the feasibility of (B.1) implies the feasibility of (B.2). The inverse

is also true by the same reasoning. Hence, we complete the proof. �

Lemma B.3. If two weighted bipartite graphs with vertex features corresponding to two LP

problems are indistinguishable by the WL test, then these two problems share the same optimal

objective value (could be ∞ or −∞).

Proof of Lemma B.3. If both problems are infeasible, then their optimal objective values are

both ∞. We then consider the case that both problems are feasible. We use the same setting

and notations as in Lemma B.2, and in addition we have that cj = ĉj , which is part of hWj = ĥWj ,

is independent of j ∈ Jq for any q ∈ {1, 2, . . . , t}. Suppose that x is an feasible solution to the

problem (B.1) and let x̂ ∈ Rn be defined via x̂j = 1
|Jq|

∑
j′∈Jq xj′ , j ∈ Jq. It is guaranteed by

the proof of Lemma B.2 that x̂ is a feasible solution to (B.2). One can also see that c>x = ĉ>x̂.

Since this holds for any feasible solution x to (B.1), the optimal value of the objective function

for (B.2) is smaller than or equal to that for (B.1). The inverse is also true and the proof is

completed. �

Lemma B.4. Suppose that two weighted bipartite graphs with vertex features corresponding to

two LP problems are indistinguishable by the WL test and the their optimal objective values are

both finite. Then these two problems have the same optimal solution with the smallest `2-norm,

up to permutation.

Proof of Lemma B.4. We work with the same setting as in Lemma B.3, where permutations

have already been applied. Let x and x′ be the optimal solution to (B.1) and (B.2) with the

smallest `2-norm, respectively. (Recall that the optimal solution to a LP problem with the

smallest `2-norm is unique, see Remark 2.2.) Let x̂ ∈ Rn be defined via x̂j = 1
|Jq|

∑
j′∈Jq xj′ for

j ∈ Jq, q = 1, 2, . . . , t. According to the arguments in the proof of Lemma B.2 and Lemma B.3,

x̂ is an optimal solution to (B.2). The minimality of x′ yields that

(B.3) ‖x′‖22 ≤ ‖x̂‖22 =

t∑
q=1

|Jq|

 1

|Jq|
∑
j∈Jq

xj

2

=

t∑
q=1

1

|Jq|

∑
j∈Jq

xj

2

≤
t∑

q=1

∑
j∈Jq

x2
j = ‖x‖22,

which implies ‖x′‖ ≤ ‖x‖. The converse ‖x‖ ≤ ‖x′‖ is also true. Therefore, we must have

‖x‖ = ‖x′‖ and hence, the inequalities in (B.3) must hold as equalities. Then one can conclude

that xj = xj′ for any j, j′ ∈ Jq and q = 1, 2, . . . , t, which leads to x = x̂. Furthermore, it follows

from ‖x′‖ = ‖x̂‖ and the uniqueness of x′ (see Remark 2.2) that x′ = x̂ = x, which completes

the proof. �
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One corollary one can see from the proof of Lemma B.4 is that the components of the optimal

solution with the smallest `2-norm must be the same if the two corresponding vertices have the

same color in the WL test.

Corollary B.5. Let (G,H) be a weighted bipartite graph with vertex features and let x be

the optimal solution to the corresponding LP problem with the smallest `2-norm. Suppose that

for some j, j′ ∈ {1, 2, . . . , n}, one has Cl,Wj = Cl,Wj′ for any l ∈ N and any choices of hash

functions, then xj = xj′ .

Let us also define another equivalence relationship on Gm,n × HVm × HWn where colors of

w1, w2, . . . , wj with ordering (not just multisets) are considered:

Definition B.6. Given (G,H), (Ĝ, Ĥ) ∈ Gm,n ×HVm ×HWn , (G,H) and (Ĝ, Ĥ) are not in the

same equivalence class of
W∼ if and only if there exist some L ∈ N and some hash functions

HASH0,V , HASH0,W , HASHl,V , HASHl,W , HASH′l,V , and HASH′l,W , l = 1, 2, . . . , L, such

that {{CL,V1 , CL,V2 , . . . , CL,Vm }} 6= {{ĈL,V1 , ĈL,V2 , . . . , ĈL,Vm }} or Cl,Wj 6= Ĉl,Wj for some j ∈
{1, 2, . . . , n}.

It is clear that (G,H)
W∼ (Ĝ, Ĥ) implies (G,H) ∼ (Ĝ, Ĥ). One can actually obtain a stronger

version of Lemma B.4 given (G,H)
W∼ (Ĝ, Ĥ).

Corollary B.7. Suppose that two weighted bipartite graphs with vertex features corresponding

to two LP problems, (G,H) and (Ĝ, Ĥ), satisfies that (G,H)
W∼ (Ĝ, Ĥ). Then these two

problems have the same optimal solution with the smallest `2-norm.

Proof of Corollary B.7. The proof of Lemma B.4 still applies with the difference that there is

no permutation on {w1, w2, . . . , wn}. �

Proof of Theorem 4.1. The proof of Theorem 4.1 follows immediately from Lemmas B.2, B.3

and B.4. �

Appendix C. Separation power of graph neural networks

This section aims to prove Theorem 4.2, i.e., the separation power of GNNs is equivalent to

that of the WL test. Similar results can be found in previous literature, see e.g. [4,19,52]. We

first introduce some lemmas that can directly imply Theorem 4.2. The lemma below, similar

to [52, Lemma 2], states that the separation power of GNNs is at most that of the WL test.

Lemma C.1. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n × HVm × HWn . If (G,H) ∼ (Ĝ, Ĥ), then for any

FW ∈ FWGNN, there exists a permutation σW ∈ Sn such that FW (G,H) = σW (FW (Ĝ, Ĥ)).

Proof of Lemma C.1. First we describe the sketch of our proof. The assumption (G,H) ∼
(Ĝ, Ĥ) implies that, if we apply the WL test on (G,H) and (Ĝ, Ĥ), the test results should be

exactly the same whatever the hash functions in the WL test we choose. In the first step, we

define a set of hash functions that are injective on all possible inputs. Second, we show that, if

we apply an arbitrarily chosen GNN: FW ∈ FWGNN on (G,H) and (Ĝ, Ĥ), the vertex features of

the two graphs are exactly the same up to permutation, given the fact that the WL test results
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are the same. Finally, it concludes that FW (G,H) should be the same with FW (Ĝ, Ĥ) up to

permutation.

Let us first define hash functions. We choose HASH0,V and HASH0,W that are injective on

the following sets (not multisets) respectively:

{hV1 , . . . , hVm, ĥV1 , . . . , ĥVm} and {hW1 , . . . , hWn , ĥ
W
1 , . . . , ĥWn }.

Let {Cl−1,V
i }mi=1, {C

l−1,W
j }nj=1 and {Ĉl−1,V

i }mi=1, {Ĉ
l−1,W
j }nj=1 be the vertex colors in the (l−1)-

th iteration (1 ≤ l ≤ L) in the WL test for (G,H) and (Ĝ, Ĥ) respectively. Define two sets

(not multisets) that collect different colors:

CV
l−1 = {Cl−1,V

1 , . . . , Cl−1,V
m , Ĉl−1,V

1 , . . . , Ĉl−1,V
m },

and

CW
l−1 = {Cl−1,W

1 , . . . , Cl−1,W
n , Ĉl−1,W

1 , . . . , Ĉl−1,W
n }.

The hash function HASH′l,V and HASH′l,W are chosen such that the outputs are located in

some linear spaces and that {HASH′l,V (C) : C ∈ CV
l−1} and {HASH′l,W (C) : C ∈ CW

l−1} are

both linearly independent. Finally, we choose hash functions HASHl,V and HASHl,W such that

HASHl,V is injective on the set (not multiset)
Cl−1,V

i ,

n∑
j=1

Ei,jHASH′l,W

(
Cl−1,W
j

) : 1 ≤ i ≤ m


∪


Ĉl−1,V

i ,

n∑
j=1

Ei,jHASH′l,W

(
Ĉl−1,W
j

) : 1 ≤ i ≤ m

 ,

and that HASHl,W is injective on the set (not multiset){(
Cl−1,W
j ,

n∑
i=1

Ei,jHASH′l,V

(
Cl−1,V
i

))
: 1 ≤ j ≤ n

}

∪

{(
Ĉl−1,W
j ,

n∑
i=1

Ei,jHASH′l,V

(
Ĉl−1,V
i

))
: 1 ≤ j ≤ n

}
.

Those hash functions give the vertex colors at the next iteration (l-th layer): {Cl,Vi }mi=1,

{Cl,Wj }nj=1 and {Ĉl,Vi }mi=1, {Ĉl,Wj }nj=1.

Consider any FW ∈ FWGNN and let {hl−1,V
i }mi=1, {h

l−1,W
j }nj=1 and {ĥl−1,V

i }mi=1, {ĥ
l−1,W
j }nj=1

be the vertex features in the l-th layer (0 ≤ l ≤ L) of the graph neural network FW . (Update

rule refers to equations (2.1),(2.2),(2.3),(2.5)) We aim to prove by induction that for any l ∈
{0, 1, . . . , L}, the followings hold:

(i) Cl,Vi = Cl,Vi′ implies hl,Vi = hl,Vi′ , for 1 ≤ i, i′ ≤ m;

(ii) Ĉl,Vi = Ĉl,Vi′ implies ĥl,Vi = ĥl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iii) Cl,Vi = Ĉl,Vi′ implies hl,Vi = ĥl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iv) Cl,Wj = Cl,Wj′ implies hl,Wj = hl,Wj′ , for 1 ≤ j, j′ ≤ n;

(v) Ĉl,Wj = Ĉl,Wj′ implies ĥl,Wj = ĥl,Wj′ , for 1 ≤ j, j′ ≤ n;
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(vi) Cl,Wj = Ĉl,Wj′ implies hl,Wj = ĥl,Wj′ , for 1 ≤ j, j′ ≤ n.

The above claims (i)-(vi) are clearly true for l = 0 due to the injectivity of HASH0,V and

HASH0,W . Now we assume that (i)-(vi) are true for some l − 1 ∈ {0, 1, . . . , L − 1}. Suppose

that Cl,Vi = Cl,Vi′ , i.e.,

HASHl,V

Cl−1,V
i ,

n∑
j=1

Ei,jHASH′l,W

(
Cl−1,W
j

)
= HASHl,V

Cl−1,V
i′ ,

n∑
j=1

Ei′,jHASH′l,W

(
Cl−1,W
j

) ,

for some 1 ≤ i, i′ ≤ m. It follows from the injectivity of HASHl,V that

(C.1) Cl−1,V
i = Cl−1,V

i′ ,

and
n∑
j=1

Ei,jHASH′l,W

(
Cl−1,W
j

)
=

n∑
j=1

Ei′,jHASH′l,W

(
Cl−1,W
j

)
.

According to the linearly independent property of HASH′l,W , the above equation implies that

(C.2)
∑

Cl−1,W
j =C

Ei,j =
∑

Cl−1,W
j =C

Ei′,j , ∀ C ∈ CW
l−1.

Note that the induction assumption guarantees that hl−1,W
j = hl−1,W

j′ as long as Cl−1,W
j =

Cl−1,W
j′ . So one can assign for each C ∈ CW

l−1 some h(C) ∈ Rdl−1 such that hl−1,W
j = h(C) as

long as Cl−1,W
j = C for any 1 ≤ j ≤ n. Therefore, it follows from (C.2) that

n∑
j=1

Ei,jf
W
l (hl−1,W

j ) =
∑

C∈CW
l−1

∑
Cl−1,W

j =C

Ei,jf
W
l (h(C))

=
∑

C∈CW
l−1

∑
Cl−1,W

j =C

Ei′,jf
W
l (h(C)) =

n∑
j=1

Ei′,jf
W
l (hl−1,W

j ).

Note also that (C.1) and the induction assumption lead to hl−1,V
i = hl−1,V

i′ . Then one can

conclude that

hl,Vi = gVl

hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

 = gVl

hl−1,V
i′ ,

n∑
j=1

Ei′,jf
W
l (hl−1,W

j )

 = hl,Vi′ .

This proves the claim (i) for l. The other five claims can be proved using similar arguments.

Therefore, we obtain from (G,H) ∼ (Ĝ, Ĥ) that{{
hL,V1 , hL,V2 , . . . , hL,Vm

}}
=
{{

ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm

}}
,

and that {{
hL,W1 , hL,W2 , . . . , hL,Wn

}}
=
{{

ĥL,W1 , ĥL,W2 , . . . , ĥL,Wn

}}
.
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By the definition of the output layer, the above conclusion guarantees that FW (G,H) =

σW (FW (Ĝ, Ĥ)) for some σW ∈ Sn. �

Lemma C.2. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n × HVm × HWn . Suppose that for any FW ∈ FWGNN,

there exists a permutation σW ∈ Sn such that FW (G,H) = σW (FW (Ĝ, Ĥ)). Then F (G,H) =

F (Ĝ, Ĥ) holds for any F ∈ FGNN.

Proof of Lemma C.2. Pick an arbitrary F ∈ FGNN. We choose FW ∈ FWGNN such that

FW (G′, H ′) = (F (G′, H ′), . . . , F (G′, H ′))
> ∈ Rn, ∀ (G′, H ′) ∈ Gm,n ×HVm ×HWn .

Note that every entry in the output of FW is equal to the output of F . Thus, it follows from

FW (G,H) = σW (FW (Ĝ, Ĥ)) that F (G,H) = F (Ĝ, Ĥ). �

The next lemma is similar to [52, Theorem 3] and states that the separation power of GNNs

is at least that of the WL test.

Lemma C.3. Let (G,H), (Ĝ, Ĥ) ∈ Gm,n × HVm × HWn . If F (G,H) = F (Ĝ, Ĥ) holds for any

F ∈ FGNN, then (G,H) ∼ (Ĝ, Ĥ).

Proof of Lemma C.3. It suffices to prove that, if (G,H) can be distinguished from (Ĝ, Ĥ) by

the WL test, then there exists F ∈ FGNN, such that F (G,H) 6= F (Ĝ, Ĥ). The distinguish-

ability of the WL test implies that there exists L ∈ N and hash functions, HASH0,V , HASH0,W ,

HASHl,V , HASHl,W , HASH′l,V , and HASH′l,W , for l = 1, 2, . . . , L, such that

(C.3)
{{

CL,V1 , CL,V2 , . . . , CL,Vm

}}
6=
{{

ĈL,V1 , ĈL,V2 , . . . , ĈL,Vm

}}
,

or

(C.4)
{{

CL,W1 , CL,W2 , . . . , CL,Wn

}}
6=
{{

ĈL,W1 , ĈL,W2 , . . . , ĈL,Wn

}}
,

We aim to construct some GNNs such that the followings hold for any l = 0, 1, . . . , L:

(i) hl,Vi = hl,Vi′ implies Cl,Vi = Cl,Vi′ , for 1 ≤ i, i′ ≤ m;

(ii) ĥl,Vi = ĥl,Vi′ implies Ĉl,Vi = Ĉl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iii) hl,Vi = ĥl,Vi′ implies Cl,Vi = Ĉl,Vi′ , for 1 ≤ i, i′ ≤ m;

(iv) hl,Wj = hl,Wj′ implies Cl,Wj = Cl,Wj′ , for 1 ≤ j, j′ ≤ n;

(v) ĥl,Wj = ĥl,Wj′ implies Ĉl,Wj = Ĉl,Wj′ , for 1 ≤ j, j′ ≤ n;

(vi) hl,Wj = ĥl,Wj′ implies Cl,Wj = Ĉl,Wj′ , for 1 ≤ j, j′ ≤ n.

It is clear that the above conditions (i)-(vi) hold for l = 0 as long as we choose fVin and fWin
that are injective on the following two sets (not multisets) respectively:

{hV1 , . . . , hVm, ĥV1 , . . . , ĥVm} and {hW1 , . . . , hWn , ĥ
W
1 , . . . , ĥWn }.

We then assume that (i)-(vi) hold for some 0 ≤ l − 1 < L, and show that these conditions are

also satisfied for l if we choose fVl , f
W
l , gVi , g

W
l properly. Let us consider the set (not multiset):

{α1, α2, . . . , αs} ⊂ Rdl−1

that collects all different values in hl−1,W
1 , hl−1,W

2 , . . . , hl−1,W
n , ĥl−1,W

1 , ĥl−1,W
2 , . . . , ĥl−1,W

n . Let

dl ≥ s and let edlp = (0, . . . , 0, 1, 0, . . . , 0) be the vector in Rdl with the p-th entry being 1 and
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all other entries being 0, for 1 ≤ p ≤ s. Choose fWl : Rdl−1 → Rdl as a continuous function

satisfying fWl (αp) = edlp , p = 1, 2, . . . , s, and choose gVl : Rdl−1 × Rdl → Rdl that is continuous

and is injective when restricted on the set (not multiset)
hl−1,V

i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

 : 1 ≤ i ≤ m


∪


ĥl−1,V

i ,

n∑
j=1

Êi,jf
W
l (ĥl−1,W

j )

 : 1 ≤ i ≤ m

 .

Noticing that

n∑
j=1

Ei,jf
W
l (hl−1,W

j ) =

s∑
p=1

 ∑
hl−1,W
j =αp

Ei,j

 edlp ,

and that {edl1 , e
dl
2 , . . . , e

dl
s } is linearly independent, one can conclude that hl,Vi = hl,Vi′ if and

only if hl−1,V
i = hl−1,V

i′ and
∑n
j=1Ei,jf

W
l (hl−1,W

j ) =
∑n
j=1Ei′,jf

W
l (hl−1,W

j ), where the second

condition is equivalent to∑
hl−1,W
j =αp

Ei,j =
∑

hl−1,W
j =αp

Ei′,j , ∀ p ∈ {1, 2, . . . , s}.

This, as well as the condition (iv) for l − 1, implies that

n∑
j=1

Ei,jHASH′l,W

(
Cl−1,W
j

)
=

n∑
j=1

Ei′,jHASH′l,W

(
Cl−1,W
j

)
,

and hence that Cl,Vi = Cl,Vi′ by using hl−1,V
i = hl−1,V

i and condition (i) for l− 1. Therefore, we

know that (i) is satisfied for l, and one can show (ii) and (iii) for l using similar arguments by

taking dl large enough. In addition, fVl and gWl can also be chosen in a similar way such that

(iv)-(vi) are satisfied for l.

Combining (C.3), (C.4), and condition (i)-(iv) for L, we obtain that

(C.5)
{{

hL,V1 , hL,V2 , . . . , hL,Vm

}}
6=
{{

ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm

}}
,

or {{
hL,W1 , hL,W2 , . . . , hL,Wn

}}
6=
{{

ĥL,W1 , ĥL,W2 , . . . , ĥL,Wn

}}
.

Without loss of generality, we can assume that (C.5) holds.

Consider the set (not multiset)

{β1, β2, . . . , βt} ⊂ RdL ,

that collects all different values in hL,V1 , hL,V2 , . . . , hL,Vm , ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm . Let k > 1 be a

positive integer that is greater than the maximal multiplicity of an element in the multisets

{{hL,V1 , hL,V2 , . . . , hL,Vm }} and {{ĥL,V1 , ĥL,V2 , . . . , ĥL,Vm }}. There exists a continuous function
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ϕ : RdL → R such that ϕ(βq) = kq for q = 1, 2, . . . , t, and due to (C.5) and the fact that the

way of writing an integer as k-ary expression is unique, it hence holds that

m∑
i=1

ϕ(hL,Vi ) 6=
m∑
i=1

ϕ(ĥL,Vi ).

Set the dimension of (L + 1)-th layer as 1: dL+1 = 1, and set fL+1,V = 0, fL+1,W = 0,

gL+1,V (h, 0) = ϕ(h), and gL+1,W = 0. Then we have hL+1,V
i = ϕ(hL,Vi ), ĥL+1,V

i = ϕ(ĥL,Vi ),

and hL+1,W
j = ĥL+1,W

j for i = 1, 2, . . . ,m and j = 1, 2, · · · , n. Define fout : R × R → R via

fout(h, h
′) = h. Then it follows that

fout

 m∑
i=1

hL+1,V
i ,

n∑
j=1

hL+1,W
j

 =

m∑
i=1

ϕ(hL,Vi )

6=
m∑
i=1

ϕ(ĥL,Vi ) = fout

 m∑
i=1

ĥL+1,V
i ,

n∑
j=1

ĥL+1,W
j

 ,

which guarantees the existence of F ∈ FGNN that has L + 1 layers and satisfies F (G,H) 6=
F (Ĝ, Ĥ). �

Proof of Theorem 4.2. The equivalence of the three conditions follow directly from Lemma C.1,

C.2, and C.3. �

Corollary C.4. For any two weighted bipartite graphs with vertex features (G,H), (Ĝ, Ĥ) ∈
Gm,n ×HVm ×HWn , the followings are equivalent:

(i) (G,H)
W∼ (Ĝ, Ĥ).

(ii) For any FW ∈ FWGNN, it holds that FW (G,H) = FW (Ĝ, Ĥ).

Proof of Corollary C.4. The proof follows similar lines as in the proof of Theorem 4.2 with the

difference that there is no permutation on {w1, w2, . . . , wn}. �

In addition to the separation power of GNNs for two weighted bipartite graphs with vertex

features, one can also obtain results on separating different vertices in one weighted bipartite

graph with vertex features.

Corollary C.5. For any weighted bipartite graph with vertex features (G,H) and any j, j′ ∈
{1, 2, . . . , n}, the followings are equivalent:

(i) Cl,Wj = Cl,Wj′ holds for any l ∈ N and any choice of hash functions.

(ii) FW (G,H)j = FW (G,H)j′ , ∀ FW ∈ FWGNN.

Proof of Corollary C.5. “(i) =⇒ (ii)” and “(ii) =⇒ (i)” can be proved using similar arguments

in the proof of Lemma C.1 and Lemma C.3, respectively. �

Appendix D. Universal approxiation of FGNN

This section provides the proof of Theorem 4.3. The main mathematical tool used in the

proof is the Stone–Weierstrass theorem:
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Theorem D.1 (Stone–Weierstrass theorem [45, Section 5.7]). Let X be a compact Hausdorff

space and let F ⊂ C(X,R) be a subalgebra. If F separates points on X, i.e., for any x, x′ ∈ X
with x 6= x′, there exists F ∈ F such that F (x) 6= F (x′), and 1 ∈ F , then F is dense in C(X,R)

with the topology of uniform convergence.

Proof of Theorem 4.3. Let π : X → X/ ∼ be the quotient map, where π(X) = X/ ∼ is

equipped with the quotient topology. For any F ∈ FGNN, since F : X → R is continuous and

by Theorem 4.2, F (G,H) = F (Ĝ, Ĥ), ∀ (G,H) ∼ (Ĝ, Ĥ), there exists a unique continuous

F̃ : π(X)→ R such that F = F̃ ◦ π. Set

F̃GNN =
{
F̃ : F ∈ FGNN

}
⊂ C(π(X),R).

In addition, the assumption on Φ, i.e.,

Φ(G,H) = Φ(Ĝ, Ĥ), ∀ (G,H) ∼ (Ĝ, Ĥ),

leads to the existence of a unique Φ̃ ∈ C(π(X),R) with Φ = Φ̃ ◦ π.

Since X is compact, then π(X) is also compact due to the continuity of π. According to

Lemma D.2 below, F̃GNN is a subalgebra of C(π(X),R). By Theorem 4.2, F̃GNN separates

points on π(X). This can further imply that π(X) is Hausdorff. In fact, for any x, x′ ∈
π(X), there exists F̃ ∈ F̃GNN with F̃ (x) 6= F̃ (x′). Without loss of generality, we assume that

F̃ (x) < F̃ (x′) and choose some c ∈ R with F̃ (x) < c < F̃ (x′). By continuity of F̃ , we know

that F̃−1((−∞, c)) ∩ π(X) and F̃−1((c,+∞)) ∩ π(X) are disjoint open subsets of π(X) with

x ∈ F̃−1((−∞, c))∩π(X) and x′ ∈ F̃−1((c,+∞))∩π(X), which leads to the Hausdorff property

of π(X). Note also that 1 ∈ F̃GNN. Using Theorem D.1, we can conclude the denseness of

F̃GNN in C(π(X),R). Therefore, for any ε > 0, there exists F ∈ FGNN, such that

sup
(G,H)∈X

|Φ(G,H)− F (G,H)| = sup
x∈π(X)

|Φ̃(x)− F̃ (x)| < ε,

which completes the proof. �

Lemma D.2. FGNN is a subalgebra of C(Gm,n ×HVm ×HWn ,R), and as a corollary, F̃GNN is

a subalgebra of C(Gm,n ×HVm ×HWn / ∼,R).

Proof of Lemma D.2. It suffices to show that FGNN is closed under addition and multiplication.

Consider any F, F̂ ∈ FGNN. Thanks to Lemma D.3, we can assume that both F and F̂ have L

layers. Suppose that F is constructed by

fVin : HV → Rd0 , fWin : HW → Rd0 ,

fVl , f
W
l : Rdl−1 → Rdl , gVl , g

W
l : Rdl−1 × Rdl → Rdl , 1 ≤ l ≤ L,

fout : RdL × RdL → R,

and that F̂ is constructed by

f̂Vin : HV → Rd̂0 , f̂Win : HW → Rd̂0 ,

f̂Vl , f̂
W
l : Rd̂l−1 → Rd̂l , ĝVl , ĝ

W
l : Rd̂l−1 × Rd̂l → Rd̂l , 1 ≤ l ≤ L,

f̂out : Rd̂L × Rd̂L → R.
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One can then construct two new GNNs computing F + F̂ and F · F̂ as follows:

The input layer. The update rule of the input layer is defined by

fVin : HV → Rd0 × Rd̂0 ,

h 7→
(
fVin (h), f̂Vin (h)

)
,

fWin : HW → Rd0 × Rd̂0 ,

h 7→
(
fWin (h), f̂Win (h)

)
.

Then the vertex features after the computation of the input layer h0,V
i and h0,W

j are given by:

h0,V
i = fVin (hVi ) =

(
fVin (hVi ), f̂Vin (hVi )

)
= (h0,V

i , ĥ0,V
i ) ∈ Rd0 × Rd̂0 ,

h0,W
j = fWin (hWj ) =

(
fWin (hWj ), f̂Win (hWj )

)
= (h0,W

j , ĥ0,W
j ) ∈ Rd0 × Rd̂0 ,

for i = 1, 2 . . . ,m, and j = 1, 2, . . . , n.

The l-th layer (1 ≤ l ≤ L). We set

fVl : Rdl−1 × Rd̂l−1 → Rdl × Rd̂l ,

(h, ĥ) 7→
(
fVl (h), f̂Vl (ĥ)

)
,

fWl : Rdl−1 × Rd̂l−1 → Rdl × Rd̂l ,

(h, ĥ) 7→
(
fWl (h), f̂Wl (ĥ)

)
,

gVl : Rdl−1 × Rd̂l−1 × Rdl × Rd̂l → Rdl × Rd̂l ,

(h, ĥ, h′, ĥ′) 7→
(
gWl (h, h′), ĝWl (ĥ, ĥ′)

)
,

and

gWl : Rdl−1 × Rd̂l−1 × Rdl × Rd̂l → Rdl × Rd̂l ,

(h, ĥ, h′, ĥ′) 7→
(
gVl (h, h′), ĝVl (ĥ, ĥ′)

)
.

Then the vertex features after the computation of the l-th layer hl,Vi and hl,Wj are given by:

hl,Vi = gVl

hl−1,V
i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )


=

gVl
hl−1,V

i ,

n∑
j=1

Ei,jf
W
l (hl−1,W

j )

 , ĝVl

ĥl−1,V
i ,

n∑
j=1

Ei,j f̂
W
l (ĥl−1,W

j )


= (hl,Vi , ĥl,Vi ) ∈ Rdl × Rd̂l ,

and

hl,Wj = gWl

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)
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=

(
gWl

(
hl−1,W
j ,

m∑
i=1

Ei,jf
V
l (hl−1,V

i )

)
, ĝWl

(
ĥl−1,W
j ,

m∑
i=1

Ei,j f̂
V
l (ĥl−1,V

i )

))
= (hl,Wj , ĥl,Wj ) ∈ Rdl × Rd̂l ,

for i = 1, 2 . . . ,m, and j = 1, 2, . . . , n.

The output layer. To obtain F + F̂ , we set

fadd
out : RdL × Rd̂L × RdL × Rd̂L → R,

((h, ĥ), (h′, ĥ′)) 7→ fout(h, h
′) + f̂out(ĥ, ĥ

′).

Then it holds that

fadd
out

 m∑
i=1

hL,Vi ,

n∑
j=1

hL,W1

 =fout

 m∑
i=1

hL,Vi ,

n∑
j=1

hL,Wj

+ f̂out

 m∑
i=1

ĥL,Vi ,

n∑
j=1

ĥL,Wj


=F (G,H) + F̂ (G,H).

To obtain F · F̂ , we set

fmultiply
out : RdL × Rd̂L × RdL × Rd̂L → R,

((h, ĥ), (h′, ĥ′)) 7→ fout(h, h
′) · f̂out(ĥ, ĥ

′).

Then it holds that

fmultiply
out

 m∑
i=1

hL,Vi ,

n∑
j=1

hL,W1

 =fout

 m∑
i=1

hL,Vi ,

n∑
j=1

hL,Wj

 · f̂out

 m∑
i=1

ĥL,Vi ,

n∑
j=1

ĥL,Wj


=F (G,H) · F̂ (G,H).

The constructed GNNs satisfy F (G,H) + F̂ (G,H) ∈ FGNN and F (G,H) · F̂ (G,H) ∈ FGNN,

which finishes the proof. �

Lemma D.3. If F ∈ FGNN has L layers, then there exists F̂ ∈ FGNN with L+ 1 layers such

that F = F̂ .

Proof of Lemma D.3. Suppose that F is constructed by fVin , f
W
in , fout, {fVl , fWl , gVl , g

W
l }Ll=0. We

choose fVL+1 ≡ 0, fWL+1 ≡ 0, gVL+1(h, h′) = h, gWL+1(h, h′) = h. Let F̂ be constructed by

fVin , f
W
in , fout, {fVl , fWl , gVl , g

W
l }

L+1
l=0 . Then F̂ has L+ 1 layers with F̂ = F . �

Appendix E. Universal approximation of FWGNN

This section provides an universal approximation result of FWGNN.

Theorem E.1. Let X ⊂ Gm,n×HVm×HWn be a compact subset that is closed under the action

of Sm × Sn. Suppose that Φ ∈ C(X,Rn) satisfies the followings:

(i) For any σV ∈ Sm, σW ∈ Sn, and (G,H) ∈ X, it holds that

(E.1) Φ ((σV , σW ) ∗ (G,H)) = σW (Φ(G,H)).

(ii) Φ(G,H) = Φ(Ĝ, Ĥ) holds for all (G,H), (Ĝ, Ĥ) ∈ X with (G,H)
W∼ (Ĝ, Ĥ).
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(iii) Given any (G,H) ∈ X and any j, j′ ∈ {1, 2, . . . , n}, if Cl,Wj = Cl,Wj′ (the vertex colors

obtained in the l-th iteration in WL test) holds for any l ∈ N and any choices of hash

functions, then Φ(G,H)j = Φ(G,H)j′ .

Then for any ε > 0, there exists F ∈ FWGNN such that

sup
(G,H)∈X

‖Φ(G,H)− F (G,H)‖ < ε.

Theorem E.1 is a LP-graph version of results on the closure of equivariant GNN class in

[4,19]. The main tool in the proof of Theorem E.1 is the following generalized Stone-Weierstrass

theorem for equivariant functions established in [4].

Theorem E.2 (Generalized Stone-Weierstrass theorem [4, Theorem 22]). Let X be a compact

topology space and let G be a finite group that acts continuously on X and Rn. Define the

collection of all equivariant continuous functions from X to Rn as follows:

CE(X,Rn) = {F ∈ C(X,Rn) : F (g ∗ x) = g ∗ F (x), ∀ x ∈ X, g ∈ G}.

Consider any F ⊂ CE(X,Rn) and any Φ ∈ CE(X,Rn). Suppose the following conditions hold:

(i) F is a subalgebra of C(X,Rn) and 1 ∈ F .

(ii) For any x, x′ ∈ X, if f(x) = f(x′) holds for any f ∈ C(X,R) with f1 ∈ F , then for

any F ∈ F , there exists g ∈ G such that F (x) = g ∗ F (x′).

(iii) For any x, x′ ∈ X, if F (x) = F (x′) holds for any F ∈ F , then Φ(x) = Φ(x′).

(iv) For any x ∈ X, it holds that Φ(x)j = Φ(x)j′ , ∀ (j, j′) ∈ J(x), where

J(x) = {{1, 2, . . . , n}n : F (x)j = F (x)j′ , ∀ F ∈ F} .

Then for any ε > 0, there exists F ∈ F such that

sup
x∈X
‖Φ(x)− F (x)‖ < ε.

We refer to [49] for different versions of Stone-Weierstrass theorem, that is also used in [4].

In the proof of Theorem E.1, we also need the following lemma whose proof is almost the same

as the proof of Lemma D.2 and is hence omitted.

Lemma E.3. FWGNN is a subalgebra of C(Gm,n ×HVm ×HWn ,Rn).

Proof of Theorem E.1. Let Sm × Sn act on Rn via

(σV , σW ) ∗ y = σW (y), ∀ σV ∈ Sm, σW ∈ Sn, y ∈ Rn.

Then it follows from (E.1) that Φ is equivariant. In addition, the definition of graph neural

networks directly guarantees the equivariance of functions in FWGNN. Therefore, one only needs

to verify the conditions with F as FWGNN and G as Sn in Theorem E.2:

• Condition (i) in Theorem E.2 follows from Lemma E.3 and the definition of FWGNN.

• Condition (ii) in Theorem E.2 follows from Theorem 4.2 and FGNN1 ⊂ FWGNN.

• Condition (iii) in Theorem E.2 follows from Corollary C.4 and Condition (ii) in Theorem E.1.

• Condition (iv) in Theorem E.2 follows from Corollary C.5 and Condition (iii) in Theorem E.1.

It finishes the proof. �
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Appendix F. Proof of Main Theorems

We collect the proofs of main theorems stated in Section 3 in this section.

Proof of Theorem 3.1. If F (G,H) = F (Ĝ, Ĥ) holds for any F ∈ FGNN, then Theorem 4.2

guarantees that (G,H) ∼ (Ĝ, Ĥ). Thus, Condition (i), (ii), and (iii) follow directly from

Lemmas B.2, B.3, and B.4, respectively.

Furthermore, if FW (G,H) = FW (Ĝ, Ĥ), ∀ FW ∈ FWGNN, then it follows from Corollary C.4

and Corollary B.7 that the two LP problems associated to (G,H) and (Ĝ, Ĥ) share the same

optimal solution with the smallest `2-norm. �

Then we head into the proof of three main approximation theorems, say Theorem 3.2, 3.4,

and 3.6, that state that GNNs can approximate the feasibility mapping Φfeas, the optimal

objective value mapping Φobj, and the optimal solution mapping Φsolu with arbitrarily small

error, respectively. We have established in Sections D and E several theorems for graph neural

networks to approximate continuous mappings. Therefore, the proof of Theorem 3.2, 3.4, and

3.6 basically consists of two steps:

(i) Show that the mappings Φfeas, Φobj, and Φsolu are measurable.

(ii) Use continuous mappings to approximate the target measurable mappings, and then

apply the universal approximation results established in Sections D and E.

Let us first prove the feasibility of Φfeas, Φobj, and Φsolu in the following three lemmas.

Lemma F.1. The feasibility mapping Φfeas defined in (2.7) is measurable, i.e., the preimages

Φ−1
feas(0) and Φ−1

feas(1) are both measurable subsets of Gm,n ×HVm ×HWn .

Proof of Lemma F.1. It suffices to prove that for any ◦ ∈ {≤,=≥}m and anyNl, Nu ⊂ {1, 2, . . . , n},
the set

Xfeas := {(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu| :

∃ x ∈ Rn, s.t. Ax ◦ b, xj ≥ lj , ∀ j ∈ Nl, xj ≤ uj , ∀ j ∈ Nu},

is a measurable subset in Rm×n × Rm × R|Nl| × R|Nu|. Without loss of generality, we assume

that ◦ = (≤, . . . ,≤,=, . . . ,=,≥, . . . ,≥) where “≤”, “=”, and “≥” appear for k1, k2 − k1, and

m− k1 − k2 times, respectively, 0 ≤ k1 ≤ k2 ≤ m.

Let us define a function Vfeas : Rm×n × Rm × R|Nl| × R|Nu| × Rn → R≥0 that measures to

what extend a point in Rn violates the constraints:

Vfeas(A, b, l, u, x) = max

 max
1≤i≤k1

 n∑
j=1

Ai,jxj − bi


+

, max
k1<i≤k2

∣∣∣∣∣∣
n∑
j=1

Ai,jxj − bi

∣∣∣∣∣∣ ,
max

k2<i≤m

bi − n∑
j=1

Ai,jxj


+

, max
j∈Nl

(lj − xj)+, max
j∈Nu

(xj − uj)+

 ,

dgyoung
高亮

dgyoung
高亮
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where y+ = max{y, 0}. It can be seen that Vfeas is continuous and Vfeas(A, b, l, u, x) = 0

if and only if Ax ◦ b, xj ≥ lj , ∀ j ∈ Nl, and xj ≤ uj , ∀ j ∈ Nu. Therefore, for any

(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu|, the followings are equivalent:

• (A, b, l, u) ∈ Xfeas.

• There exists R ∈ N+ and x ∈ BR := {x′ ∈ Rn : ‖x′‖ ≤ R}, such that Vfeas(A, b, l, u, x) = 0.

• There exists R ∈ N+ such that for any r ∈ N+, Vfeas(A, b, l, u, x) ≤ 1/r holds for some

x ∈ BR ∩Qn.

This implies that Xfeas can be described via⋃
R∈N+

⋂
r∈N+

⋃
x∈BR∩Qn

{
(A, b, l, u) ∈ Rm×n × Rm × R|Nl| × R|Nu| : Vfeas(A, b, l, u, x) ≤ 1

r

}
.

Since Qn is countable and V is continuous, we immediately obtain from the above expression

that Xfeas is measurable. �

Lemma F.2. The optimal objective value mapping Φobj defined in (2.8) is measurable.

Proof of Lemma F.2. It suffices to prove that for any ◦ ∈ {≤,=≥}m, any subsets Nl, Nu ⊂
{1, 2, . . . , n}, and any φ ∈ R, the set

Xobj := {(A, b, c, l, u) ∈ Rm×n × Rm × Rn × R|Nl| × R|Nu| :

∃ x ∈ Rn, s.t. c>x ≤ φ, Ax ◦ b, xj ≥ lj , ∀ j ∈ Nl, xj ≤ uj , ∀ j ∈ Nu},

is a measurable subset in Rm×n × Rm × Rn × R|Nl| × R|Nu|. Then the proof follows the same

lines as in the proof of Lemma F.1, with a different violation function

Vobj(A, b, c, l, u, x) = max
{

(c>x− φ)+, Vfeas(A, b, l, u, x)
}
.

�

Lemma F.3. The optimal solution mapping Φsolu defined in (2.9) is measurable.

Proof of Lemma F.3. It suffices to show that for every j0 ∈ {1, 2, . . . , n}, the mapping

πj0 ◦ Φsolu : Φ−1
obj(R)→ R,

is measurable, where πj0 : Rn → R maps a vector x ∈ Rn to its j0-th component. Similar as

before, one can consider any ◦ ∈ {≤,=≥}m, any Nl, Nu ⊂ {1, 2, . . . , n}, and any φ ∈ R, and

prove that the set

Xsolu := {(A, b, c, l, u) ∈ Rm×n × Rm × Rn × R|Nl| × R|Nu| :

The LP problem, min
x∈Rd

c>x, s.t. Ax ◦ b, xj ≥ lj , ∀ j ∈ Nl, xj ≤ uj , ∀ j ∈ Nu,

has a finite optimal objective value, and its optimal solution with the smallest `2 − norm,

xopt, satisfies (xopt)j0 < φ},

is measurable.

Note that we have fixed ◦ ∈ {≤,=≥}m and Nl, Nu ⊂ {1, 2, . . . , n}. Let

ι : Rm×n × Rm × Rn × R|Nl| × R|Nu| → Gm,n ×HVm ×HWn ,
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be the embedding map. Define another violation function

Vsolu : (Φobj ◦ ι)−1(R)× Rn → R,

via

Vsolu(A, b, c, l, u, x) = max
{(
c>x− Φobj(ι(A, b, c, l, u))

)
+
, Vfeas(A, b, c, l, u, x)

}
,

which is measurable due to the measurability of Φobj and the continuity of Vfeas. Moreover,

Vsolu is continuous with respect to x. Therefore, the followings are equivalent for (A, b, c, l, u) ∈
(Φobj ◦ ι)−1(R):

• (A, b, c, l, u) ∈ Xsolu.

• There exists x ∈ Rn with xj0 < φ, such that Vsolu(A, b, c, l, u, x) = 0 and Vsolu(A, b, c, l, u, x′) >

0, ∀ x′ ∈ B‖x‖, x′j0 ≥ φ.

• There exists R ∈ Q+, r ∈ N+, and x ∈ BR with xj0 ≤ φ−1/r, such that Vsolu(A, b, c, l, u, x) =

0 and Vsolu(A, b, c, l, u, x′) > 0, ∀ x′ ∈ BR, x′j0 ≥ φ.

• There exists R ∈ Q+ and r ∈ N+, such that for all r′ ∈ N+, ∃ x ∈ BR ∩Qn, xj0 ≤ φ− 1/r,

s.t. Vsolu(A, b, c, l, u, x) < 1/r′ and that ∃ r′′ ∈ N+, s.t., Vsolu(A, b, c, l, u, x′) ≥ 1/r′′, ∀ x′ ∈
BR ∩Qn, x′j0 ≥ φ.

Therefore, one has that

Xsolu =
⋃

R∈Q+

⋃
r∈N+ ⋂

r′∈N+

⋃
x∈BR∩Qn, xj0

≤φ− 1
r

{
(A, b, c, l, u) ∈ (Φobj ◦ ι)−1(R) : Vsolu(A, b, c, l, u, x) <

1

r′

}
∩

 ⋃
r′′∈N+

⋂
x′∈BR∩Qn, x′j0

≥φ

{
(A, b, c, l, u) ∈ (Φobj ◦ ι)−1(R) : Vsolu(A, b, c, l, u, x′) ≥ 1

r′′

} ,

which is measurable. �

With the measurability of Φfeas, Φobj, and Φsolu established, the next step is to approximate

Φfeas, Φobj, and Φsolu using continuous mappings, and hence graph neural networks. Before

proceeding, let us mention that Gm,n × HVm × HWn is essentially the disjoint union of finitely

many product spaces of Euclidean spaces and discrete spaces that have finitely many points

and are equipped with discrete measures. More specifically,

Gm,n ×HVm ×HWn ∼= Rm×n × (R× {≤,=,≥})m × (R× (R ∪ {−∞})× (R ∪ {+∞}))n

∼=
n⋃

k,k′=0

(n
k)⋃
s=1

(n
k′)⋃
s′=1

Rm×n × Rm × Rn × Rn−k × Rn−k
′

× {≤,=,≥}m × {−∞}k × {+∞}k
′
.

Therefore, many results in real analysis for Euclidean spaces still apply for Gm,n ×HVm ×HWn
and Meas(·), including the following Lusin’s theorem.
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Theorem F.4 (Lusin’s theorem [17, Theorem 1.14]). Let µ be a Borel regular measure on Rn

and let f : Rn → Rm be µ-measurable. Then for any µ-measurable X ⊂ Rn with µ(X) < ∞
and any ε > 0, there exists a compact set E ⊂ X with µ(X\E) < ε, such that f |E is continuous.

Proof of Theorem 3.2. Since X ⊂ Gm,n×HVm×HWn is measurable with finite measure, accord-

ing to Lusin’s theorem, there is a compact set E ⊂ X such that Φfeas|E is continuous with

Meas(X\E) < ε. By Lemma B.2 and Theorem 4.3, there exists F ∈ FGNN such that

sup
(G,H)∈E

|F (G,H)− Φfeas(G,H)| < 1

2
,

which implies that

IF (G,H)>1/2 = Φfeas(G,H), ∀ (G,H) ∈ E.

Therefore, one obtains

Meas
({

(G,H) ∈ X : IF (G,H)>1/2 6= Φfeas(G,H)
})
≤ Meas(X\E) < ε,

and the proof is completed. �

Proof of Corollary 3.3. As a finite set, D is compact and Φfeas|D is continuous. The rest of the

proof is similar to that of Theorem 3.2, using Lemma B.2 and Theorem 4.3. �

Proof of Theorem 3.4. (i) The proof follows the same lines as in the proof of Theorem 3.2, with

the difference that we approximate

Φ(G,H) =

1, if Φobj(G,H) ∈ R,

0, otherwise,

instead of Φfeas and we use Lemma B.3 instead of Lemma B.2.

(ii) The proof is still similar to that of Theorem 3.2. By Lusin’s theorem, there is a compact

set E ⊂ X ∩Φ−1
obj(R) such that Φobj|E is continuous with Meas

(
(X ∩ Φ−1

obj(R))\E
)
< ε. Using

Lemma B.3 and Theorem 4.3, there exists F2 ∈ FGNN with

sup
(G,H)∈E

|F2(G,H)− Φobj(G,H)| < δ,

which implies that

Meas ({(G,H) ∈ X : |F2(G,H)− Φobj(G,H)| > δ}) ≤ Meas
(

(X ∩ Φ−1
obj(R))\E

)
< ε.

�

Proof of Corollary 3.5. The results can be proved using similar techniques as in Theorem 3.2

and Theorem 3.4 by noticing that any finite dataset is compact on which any real-valued

function is continuous. �

Proof of Theorem 3.6. By Lusin’s theorem, there exists a compact subset E′ ⊂ X such that

Meas(A\X) < ε/|Sm × Sn| and that Φsolu|E′ is continuous. Define another compact set:

E =
⋂

(σV ,σW )∈Sm×Sn

(σV , σW ) ∗ E′ ⊂ X,

dgyoung
高亮

dgyoung
高亮

dgyoung
高亮
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which is closed under the action of Sm × Sn and satisfies

Meas(X\E) ≤
∑

(σV ,σW )∈Sm×Sn

Meas(X\(σV , σW ) ∗ E′)

=
∑

(σV ,σW )∈Sm×Sn

Meas((σV , σW ) ∗X\(σV , σW ) ∗ E′)

=
∑

(σV ,σW )∈Sm×Sn

µ((σV , σW ) ∗ (X\E′))

=
∑

(σV ,σW )∈Sm×Sn

µ(X\E′)

<
∑

(σV ,σW )∈Sm×Sn

ε

|Sm × Sn|

= ε.

Note that the three conditions in Theorem E.1 are satisfied by the definition of Φsolu, Corol-

lary B.7, and Corollary B.6, respectively. Using Theorem E.1, there exists FW ∈ FWGNN such

that

sup
(G,H)∈E

‖FW (G,H)− Φsolu(G,H)‖ < δ.

Therefore, it holds that

Meas ({(G,H) ∈ X : ‖FW (G,H)− Φsolu(G,H)‖ > δ}) ≤ Meas(X\E) < ε,

which completes the proof. �

Proof of Corollary 3.7. One can assume that D is closed under the action of Sm×Sn; otherwise,

a larger but still finite dataset,
⋃

(σV ,σW )∈Sm×Sn
(σV , σW ) ∗ D, can be considered instead of D.

The rest of the proof is similar to that of Theorem 3.6 since D is compact and Φsolu|D is

continuous. �

Appendix G. Details of the numerical experiments

LP instance generation. We generate each LP with the following way. We set m = 10

and n = 50. Each matrix A is sparse with 100 nonzero elements whose positions are sampled

uniformly and values are sampled normally. Each element in b, c are sampled i.i.d and uniformly

from [−1, 1]. The variable bounds l, u are sampled with N (0, 10). If lj > uj , then we swap

lj and uj for all 1 ≤ j ≤ n. Furthermore, we sample ◦i i.i.d with P(◦i = “ ≤ ”) = 0.7 and

P(◦i = “ = ”) = 0.3. With the generation approach above, the probability that each LP to be

feasible is around 0.53.

MLP architectures. As we mentions in the main text, all the learnable functions in GNN

are taken as MLPs. The input functions fVin , f
W
in have one hidden layer and other functions

fout, f
W
out, {fVl , fWl , gVl , g

W
l }Ll=0 have two hidden layers. The embedding size d0, · · · , dL are

uniformly taken as d that is chosen from {2, 4, 8, 16, 32, 64, 128, 256, 512}. All the activation

functions are ReLU.
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Training settings. We use Adam [31] as our training optimizer with learning rate of 0.0003.

The loss function is taken as mean squared error. All the experiments are conducted on a Linux

server with an Intel Xeon Platinum 8163 GPU and eight NVIDIA Tesla V100 GPUs.
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