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ON REPRESENTING LINEAR PROGRAMS BY GRAPH NEURAL
NETWORKS

ZIANG CHEN, JIALIN LIU, XINSHANG WANG, JIANFENG LU, AND WOTAO YIN

ABSTRACT. Learning to optimize is a rapidly growing area that aims to solve optimization
problems or improve existing optimization algorithms using machine learning (ML). In par-
ticular, the graph neural network (GNN) is considered a suitable ML model for optimization
problems whose variables and constraints are permutation—invariant, for example, the linear
program (LP). While the literature has reported encouraging numerical results, this paper
establishes the theoretical foundation of applying GNNs to solving LPs. Given any size limit
of LPs, we construct a GNN that maps different LPs to different outputs. We show that
properly built GNNs can reliably predict feasibility, boundedness, and an optimal solution
for each LP in a broad class. Our proofs are based upon the recently—discovered connections
between the Weisfeiler-Lehman isomorphism test and the GNN. To validate our results,
we train a simple GNN and present its accuracy in mapping LPs to their feasibilities and

solutions.

1. INTRODUCTION

Applying machine learning (ML) techniques to accelerate optimization, also known as Learn-
ing to Optimize (L20), is attracting increasing attention recently. It has been reported in the
literature that L20 shows great potentials on both continuous optimization and com-
binatorial optimization problems Many of the L20 works train a parameterized model
that takes the optimization problem as input and outputs information useful to the classic
algorithms, such as a good initial solution and branching decisions , and some even directly
generate an approximate optimal solution [20].

In these works, one is building an ML model to approximate the mapping from an explicit
optimization instance either to its key properties or directly to its solution. The accuracy of
this approximation is called the representation power or expressive power of the model. When
the approximation is accurate, the model can solve the problem or provide useful information to
guide an optimization algorithm. This paper tries to address a fundamental but open theoretical

problem for linear programming (LP):

(P0) Which neural network can represent LP and predict its key properties and solution?

To clarify, by solution we mean the optimal solution. We hope the answer to this question

paves the way toward answering this question for other optimization types.
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Linear Programming (LP). LP is an important type of optimization problem with a long
history and a wide range of applications, such as scheduling 23], signal processing [8], machine
learning [13], etc. A general LP problem is defined as:

(1.1) min ¢'z, s.t. Azob, <z <u,
zER™

where A € R™*" ¢ e R", b e R™, | € (RU{—00})", u € (RU{+00})", and o € {<,=,>}"™.

Any LP problems must follow one of the following three cases [7]:

o Infeasible. The feasible set Xp := {x € R" : Az ob, | < z < u} is empty. In another word,
there is no point in R™ that satisfies the constraints in LP (L.1J).

e Unbounded. The feasible set is non-empty, but the objective value can be arbitrarily good,
i.e., lower unbounded. For any R > 0, there exists an € X such that ¢'2 < —R.

o Feasible and bounded. There exists 2* € Xp such that ¢'2* < ¢!z for all # € Xp. Such z*

is named as an optimal solution, and ¢ z* is the optimal objective value.
Thus, considering on the LP problem (1.1)), an ideal ML model is expected to be able

to predict the three key characteristics of LP: feasibility, boundedness, and one of its optimal
solutions (if exist), by taking the LP features (A,b,c, 1, u,0) as input.

Such input has strong mathematical structure. If we swap the position of the 4, j-th vari-
able in , elements in vectors b, ¢,l,u,o and columns of matrix A will be reordered. The
reordered features (/Al, b, ¢, Z, 4, 6) actually represent an exact equivalent LP problem with the
original one (A4,b,c,l,u,0). Such property is named as permutation invariance. If we do not
explicitly restrict ML models with a permutation invariant structure, the models may overfit
the variable/constraint orders of instances in the training set. Motivated by this point, we
adopt Graph Neural Networks (GNNs) that are permutation invariant naturally.

GNN in L20. GNN is a type of neural network defined on graphs and widely applied in many
areas, for example, recommender systems, traffic, chemistry, etc [51,53]. Solving optimization
problems with GNN is a recent arising topic in the literature [9,43]. Many graph-related
optimization problems, like minimum vertex cover, traveling salesman problem, vehicle routing
problem, can be represented and solved approximately with GNN due to their problem structure
[16,/26,29,|32]. Besides that, one may solve a general LP or mixed-integer linear programming
(MILP) with the help of GNN. [18] proposed to represent an MILP problem with a bipartite
graph, then applied a message-passing GNNE| on this graph to guide a classic MILP solver.
Since that, many approaches have been proposed to guide MILP or LP solvers with GNN
[141[21}22}130L[34}35,/41,/42L|44,/48]. Although encouraging empirical results have been observed,
theoretical foundations are still lack for this approach. Specifying , we ask:

Are there GNNs that can predict the feasibility, boundedness,

P1
(FL) and an optimal solution (if exists), for all LPs?

Related works and contributions. To answer (P1), one needs the theory of separation
power and representation power. Separation power of a neural network (NN) means its ability

to distinguish two different inputs. In our settings, a NN with strong separation power means

LWe will abbreviate message-passing GNN as GNN in this paper for simplicity.
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that it can outputs different results when it is applied on any two different LPs. Representation
power of NN means its ability to approximate functions of interest. A famous example of
representation power is the Universal Approximation Theorem [12,/24]: multilayer perceptron
(MLP), a specific type of NN, can universally approximate continuous functions on a compact
domain. The theory of representation power is established upon the theory of separation power.
Only functions with strong enough separation power may possess strong representation power.
The power of GNN has been studied in the literature (see [25}/33,46] for comprehensive surveys),
and some theoretical efforts have been made to represent some graph-related optimization
problems with GNN [361/47]. However, there are still gaps to answer question since the
relationships between characteristics of LP and properties of graphs are not well established.

Our contributions are listed below:

e (Separation Power). In the literature, it has been shown that the separation power of GNN
is equal to the WL test[4]/19,/52]. However, there exist many pairs of LPs that cannot
be distinguished by the WL test. We show that those puzzling LP pairs share the same
feasibility, boundedness, and even an optimal solution if exists. Thus, GNN has strong
enough separation power.

e (Representation Power). To the best of our knowledge, we established the first complete
proof that GNN can universally represent a broad class of LPs. More precisely, we prove
that, there exist GNNs that can be arbitrarily close to the following three mappings:

— LP — feasibility,
— LP — optimal objective value (—oco if unbounded and oo if infeasible),
— LP — an optimal solution (if exists),
although they are not continuous functions and cannot be covered by the literature[11}27]
28.137.[38].
o (Experimental Validation). We design and conduct experiments that demonstrate the power

of GNN on representing LP.

The rest of this paper is organized as follows. In Section [2] we provide preliminaries, in-
cluding related notions, definitions and concepts. In Section 3] we show our main theoretical
results. The sketches of proofs are provided in Sectiotfd] We validate our results with numerical
experiments in Section [§] and we conclude this paper with Section [6]

2. PRELIMINARIES

In this section, we present concepts and definitions that will be used throughout this paper.
We first describe how to represent an LP with a weighted bipartite graph, then we define
GNN on those LP-induced graphs, and finally we further clarify question with strict
mathematical definitions.

2.1. LP represented as weighted bipartite graph. Before representing LPs with graphs,
we first define the graph that we will adopt in this paper: weighted bipartite graph. A weighted
bipartite graph G = (VUW, E) consists of a vertex set VUW that are divided into two groups
V and W with VNW = (), and a collection E of weighted edges, where each edge connects
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exactly one vertex in V' and one vertex in W. Note that there is no edge connecting vertices
in the same vertex group. E can also be viewed as a function £ : V x W — R. We use G, »,
to denote the collection of all weighted bipartite graphs G = (V U W, E) with |V| = m and
|[W| =n. We always write V = {v1,v2,..., 00}, W = {w1,wa,...,wy}, and E; ; = E(v;, w;),
forie{l,2,...,m}, j€{1,2,...,n}.

One can equip each vertex with a feature vector. Throughout this paper, we denote h) € HY
as the feature vector of vertex v; € V and denote h}/V € HW as the feature vector of vertex
w; € W, where HY, HW are feature spaces. Then we define HY, = (HV)™, HW = (HW)"
and concatenate all the vertex features together as H = (kY ,hY ... RV KV BY ... h}V) €
HY x HY. Finally, a weighted bipartite graph with vertex features is defined as a tuple
(G,H) € Gun X HY x HWV.

With the concepts described above, one can represent an LP as a graph [18]. Each
vertex in W represents a variable in LP and each vertex in V represents a constraint. The
graph topology is defined with the matrix A in the linear constraint. More specifically, let us
set

o Vertex v; represents the i-th constraint in Az o b, and vertex w; represents the j-th variable
xj.

e Information of constraints is involved in the feature of v;: h}/ = (b;,0;).

e The space of constraint features is defined as H" := R x {<,=,>}.

e Information of variables is involved in the feature of w;: h)¥ = (¢;,1;,u;).

e The space of variable features is defined as H" :=R x (RU {—o00}) x (RU {+00}).

e The edge connecting v; and w; has weight F; ; = A, ;.

Then an LP is represented as a graph (G, H) € Gy X HY x HW. In the rest of this paper,

we coin such graphs as LP-induced Graphs or LP-Graphs for simplicity. We present an LP

instance and its corresponding LP-graph in Figure [I]

min z1 + xo + 23,
z€R3

s.t. xq1 +2z0 + 23 > 1,

2r1 + 12+ w3 > 1,

1'12—2,
1’22727
—3§$3§3.

FIGURE 1. An example of LP-graph

2.2. Graph neural networks for LP. Now we define GNNs on LP-graphs. The GNNs in
this paper always take an LP-Graph as input and the output has two cases:

e The output is a single real number. In this case, GNN is a function G, , x HY x HW — R
and usually used to predict the properties of the whole graph.
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e Each vertex in W has an output. Consequently, GNN is a function G, , x HY, x H}W — R".
Since W represents variables in LP, GNN is used to predict properties of each variable in
this case.

Now we define the GNN structure precisely. First we encode the input features into the em-
bedding space with learnable functions fY : HY — R and f% : HW — R

(2.1) hV =), B = VR, i=1,2,.m, j=1,2,....n,

where h?’v, h?’W € R% are initial embedded vertex features, dg is their dimension. Then we
choose learnable functions flV, le :R%-1 5 R% and glV, ng :R%-1 x R4 — R% and update

the hidden states Witlﬂ

(2.2) WY =gV (hé_l’v,ZEi7jle(h§_1’W)>, i=1,2,...,m,
j=1
(2.3) W =glv (hg‘lvw,ZEi,jflV(hﬁ—l’V)>, i=1,2,....n,
=1

where hi’v,hé’w € R% are vertex features are layer (1 <1 < L) and their dimensions are
dyi,- - ,dy, respectively. The output layer of the single-output GNN is defined with learnable
function fous : R% x R — R

(24) Yout = fout ( donit)> hf’W).
i=1 j=1

The output of the vertex-output GNN is defined with learnable function f¥, : R x Rer x
R — R

(2.5) Yout (W) = gt(zhil"v’ Zh]l/vW7hJL,W>’ Jj=12,--,n
i=1 j=1

We denote collections of single-output GNNs and vertex-output GNNs with Fonn and fé‘f\m
respectively.

FGNN :{F : gm,n X ’HT‘; X H’IVLV —+R | F yiEIdS " " ‘) }7
FEn ={F : Gn X Hyp x Hy = R™ | F yields 1), 2:2), 2:3), @3)}-

In practice, all the learnable functions in GNN fiv', fW £ . % {fV, V., 90, 9/" H-, are usu-

in»Jin »

(2.6)

ally parameterized with multi-linear perceptrons (MLP). In our theoretical analysis, we assume
for simplicity that those functions may take all continuous functions on given domains, fol-
lowing the settings in [4, Section C.1]. Thanks to the universal approximation properties of
MLP [12[24], one can extend our theoretical results by taking those learnable functions as large
enough MLPs.

2Note that the update rules in (2.2)) and (2.3)) follow a message-passing way, where each vertex only collects
information from its neighbors. Since E; ; = 0 if there is no connection between vertices v; and w;, the sum

operator in (2.2) can be rewritten as Zje/\/’(ui)’ where N '(v;) denotes the set of neighbors of vertex v;.
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2.3. Revisiting question (P1)). With the definitions of LP-Graph and GNN defined above,
we revisit question and give a more precise mathematical description here. First we define
three mappings that respectively describe the feasibility, optimal objective value and an optimal
solution of an LP.

Feasibility mapping. The feasibility mapping is a classification function
(27) q)fcas : gm,,n X th X HTVLV - {Oa 1}3

where @ge.s(G, H) = 1 if the LP associated with (G, H) is feasible and ®fe.s(G, H) = 0 other-
wise.

Optimal objective value mapping. Denote
(2.8) Dopj : Gmn X HY X HY — R U {00, —o0},

as the optimal objective value mapping, i.e., for any (G, H) € G X HY x HW | ®op;(G, H) is
the optimal objective value of the LP problem associated with (G, H).

Remark 2.1. The optimal objective value of a LP problem can be a real number or oo/ — co.

[

The “c0” case corresponds to infeasible problems, while the “—oco0” case consists of LP problems
whose objective function is unbounded from below in the feasible region. The preimage of all
finite real numbers under ® 45, @;blj.(R), actually describes all LPs with finite optimal objective

value.

Remark 2.2. In the case that a LP problem has finite optimal objective value, it is possible
that the problem admits multiple optimal solutions. However, the optimal solution with the
smallest £o-norm must be unique. In fact, if x # x’ are two different solutions with ||x|| = ||z’||.
Then %(m + 2') is also an optimal solution due to the convezxity of LPs, and it holds that
I5(z + 2 < gllel® + sll2'I? = z)* = [|2'l?, e, [I5(z + 2 < ||zl = |2’[|, where the
inequality is strict since v # x'. Therefore, x and x' cannot be optimal solutions with the

smallest {3-norm.

Optimal solution mapping. For any (G, H) € q);blj (R), we have remarked before that the

LP problem associated with (G, H) has a unique optimal solution with the smallest ¢5-norm.
Let

(29) (I)solu : (I);blj (R) — an

be the mapping that maps (G, H) € @;blj (R) to the optimal solution with the smallest ¢o-norm.
Invariance and Equivariance. We denote S,,, .5, as the group consisting of all permutations
on vertex groups V, W respectively. In another word, S, involves all permutations on the
constraints of LP and S;, involves all permutations on the variables. In this paper, we say a
function F : G, x HY x HYW — R is invariant if it satisfies

F(G,H)=F ((ov,ow)*(G,H)), Yoy € Sm,ow € Sy,
and a function Fyy : Gy X HY x HW — R™ is equivariant if it satisfies

ow(Fw (G, H)) = Fw ((ov,ow) * (G, H))), Yoy € Sy, ow € S,
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where (o, ow)*(G, H) is the permuted graph obtained from reordering indices in (G, H) using
(ov,ow ), which is the group action S, x S, on Gy X HY x HW. One can check that ®geas
and @, and any F' € Fonn are invariant, @1y and any Fyy € fcv;‘f\m are equivariant.

Question actually asks: are there GNNs that can accurately approximate ®feas, Pobj
and ®g,,7 More precisely, does there exist F' € Fgnn that is arbitrarily close to ®gas and
®,p;j? And does there exist Fyy € fé‘f\m that is arbitrarily close to ®gq1,?

3. MAIN RESULTS

This section presents our main theorems that answer question (P1l). As we state in the
introduction, representation power is built upon separation power in our paper. We first present

with the following theorem that GNN has strong enough separation power to represent LP.

Theorem 3.1. For any two LP problems respectively corresponding to (G, H), (é, ﬁ) € Gm,n X
HY xHW  if F(G,H) = F(é, I;T), YV F € Fann, then they share some common characteristics:

(i) Both LP problems are feasible or both are infeasible, i.c., ®foas(G, H) = ®foqs(G, H).
(11) The two LP problems have the same optimal objective value, i.e., op;(G, H) = @Obj(é, I:I)
(iii) If both problems are feasible with finite optimal objective value, then they have the same

optimal solution with the smallest {2-norm, up to a permutation.

Furthermore, if Fy (G, H) = Fw(é,ﬁ), V Fw € Flyn, then (iii) holds without taking per-
mutations, i.e., Pgon(G, H) = @Solu(é,ﬁ).

This theorem demonstrates that the function spaces Fonn and fé‘f\m are rich enough to
distinguish the characteristics of LP. Given two LP instances (G, H), (G, H), as long as their
feasibility or boundedness are different, there must exist F' € Fonn that can distinguish them:
F(G,H) # F(G, H). Moreover, as long as their optimal solutions with the smallest f3-norm
are different, there must exist Fyy € Fixy that can distinguish them: Fy (G, H) # Fy (G, H).

With Theorem [3:1]served as a foundation, we can prove that GNN universally approximates

the three mappings ®reas, Pobj and Py, Before presenting those results, we first define some
concepts of the space Gy, ., X HY x HW.
Topology and measure. Let us define the topology and the measure on G, , x Hy, X HYW
where HY = Rx{<,=,>} and H" = Rx (RU{—oc}) x (RU{+0oc}). Throughout this paper, we
consider Gy, r, X HY xHW as a topology space with product topology and measurable space with
product measure. It’s enough to define the topology and measure of each part separately. Since
each graph in this paper (without vertex features) can be represented with matrix A € R"™*"
the graph space G, ,, is isomorphic to the Euclidean space R™*™: G, ,, = R™*" and we equip
Gm,n with the standard Euclidean topology and the standard Lebesgue measure. The real
spaces R in H" and H" are also equipped with the standard Euclidean topology and Lebesgue
measure. All the discrete spaces {<,=,>}, {—o0}, and {400} have the discrete topology, and
all unions are disjoint unions. We equip those spaces with a discrete measure u(S) = |S|, where
|S] is the number of elements in a discrete space S. This finishes the whole definition and we
denote Meas(-) as the measure on Gy, ,, x Hy, x HW.
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Theorem 3.2. Let X C G x Hyy x HY be measurable with finite measure. For any € > 0,
there exists some F' € Fann, such that

Meas ({(G,H) € X :lpu)y>1/2 # ‘I)feas(G7H)}) <€

where 1. is the indicator function, i.e., Ipq,mys1/2 = 1 if F(G,H) > 1/2 and Ipq,my>1/2 = 0
otherwise.

This theorem shows that GNN is a good classifier for LP instances in X as long as X has finite
measure. If we use F(G,H) > 1/2 as the criteria to predict the feasibility, the classification
error rate is controlled by e¢/Meas(X), where € can be arbitrarily small. Furthermore, we show
that GNN can perfectly fit any dataset with finite samples, which is presented in the following

corollary.

Corollary 3.3. For any D C G X HY x HW with finite instances, there exists F € Faonn
that

HF(G,H)>1/2 = (I)feas(Ga H)v v (Ga H) eD.

Besides feasibility, GNN can also approximate the optimal objective value and the optimal
solution with the smallest /5-norm up to any given precision. The following theorems provide

formal statements.

Theorem 3.4. Let X C Gy X HY, x HYW be measurable with finite measure. For any € > 0,
there exists F1 € Fann such that

(3.1) Meas ({(G, H) e X: HFl(G,H)>1/2 #* Héob](G,H)ER}) < €.
For any €,0 > 0, there exists Fy € Fann such that
(3.2) Meas ({(G, H) € X NO,L(R) : |Fa(G, H) — Bopy(G, H)| > 5}) <e

Recall the definition of @, in that it can take {£oo} as its value. Thus, ®op;(G, H) € R
means the LP corresponding to (G, H) is feasible and bounded with a finite optimal objective
value, and inequality illustrates that GNN can identify those feasible and bounded LPs
among the whole set X, up to a given precision e. Inequality shows that GNN can also
approximate the optimal value. The measure of the set of LP instances of which the optimal
value cannot be approximated with §-precision is controlled by €. The following corollary gives
the results on dataset with finite instances.

Corollary 3.5. Let D C G X ’H,‘g X HE/ be a finite dataset. There exists F1 € Fann such
that
Ip a,my>1/2 = Lo, myers V¥ (G, H) €D.

For any § > 0, there exists Fy € Fann, such that

|F2(G, H) — ®opy(G, H)| < 6, ¥V (G,H) e DN, (R).

Finally, we show that GNN is able to represent the solution mapping Ps1y.
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Theorem 3.6. Let X C @;blj.(R) C Gmn x Hy x HW be measurable with finite measure and

be closed under actions in Sy, X Sp. For any €,8 > 0, there exists some Fy € Fliyy, such that
Meas({(G,H) € X : |F(G,H) — @501, (G, H)|| > 0}) <.

Corollary 3.7. Let D C (D;blj(}R) C G X HY X HW be a finite dataset. For any § > 0, there

exists some Fy € ]:g/NN, such that

||F(G7H)_¢)solu(GvH)H <5a v (GvH) eD.
4. SKETCH OF PROOF

In this section, we will present a sketch of our proof lines and provide examples to show the
intuitions. The full proof lines are presented in the appendix.
Separation power. Separation power of GNN is closely related to the graph isomorphism
problem. To identify whether two given graphs are isomorphic, one may apply the Weisfeiler-
Lehman (WL) test [50], a widely studied method that can distinguish a broad class of graphs.
It has been shown in the literature that the separation power of GNN is actually equal to the
standard WL test. Thus, we present some concepts of the WL test before analyzing GNN.

Algorithm 1 The WL test for LP-Graphs (denoted by WLyp)
Require: A graph instance (G, H) € Gyn.n X Hy, x H}/ and iteration limit L > 0.
1: Initialize with C{*" = HASHo v (hY), C"" = HASHo w (hV).
2: for=1,2,---,L do
5 CbY = HASH, v (Cf—l"’,z;;l E; jHASH ;; (le._l’w)).
LW I—1LW -1,V
Ci = HASH, (O}, I, B gHASH] y (C17Y),
5: end for
. .. LVy1\m L,Wyyn
return The multisets containing all colors {{C;"" }}7o, {{C;"" }}]_.

=

@

To apply the WL test on LP-graphs, we describe a modified WL test in Algorithm [I} that is
slightly different with the standard WL test. In Algorithm [1] the hash functions are injective
mappings, and multisets are collections of elements that allow multiple appearance of the
same element. {{}} will be used throughout this paper to denote the multisets. We denote
Algorithm [1| by WLLp(+), and we say that two LP-graphs (G, H), (G, H) can be distinguished
by Algorithm [1] if and only if there exist a positive integer L and injective hash functions
{HASHl7v, HASHL[/{/}II‘:O such that

WLip((G,H),L) # WLrp (G, H), L).

Unfortunately, similar with the standard WL test (see e.g. |15] and references therein), Algo-
rithm [T] does not perfectly solve the graph isomorphism problem on all LP-graphs. There exist
infinitely many pairs of non-isomorphic LP-graphs that cannot be distinguished by Algorithm|[I]
Figure [2] provide such an example.

However, for two LP-graphs that cannot be distinguished by Algorithm [1| they must share

some common characteristics even if they are not isomorphic. For example, let us consider the
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min x1 + x2 + T3 + T4, min x1 + T2 + T3 + 24, min x1 + x2 + T3 + T4,
st.x1+x2=1, st.x1 +x2 < 1, st.x1+xz2=1,

T2 +x3 =1, T2+ 23 <1, T2 +x3 =1,

T3+ x4 =1, 3+ x4 < 1, T3+ x4 =1,

T4 +x1 =1, T4+ 21 <1, T4 +x1 =1,

z; 21, 1<j5<4 z; <1, 1<j <4 z; <1, 1<j5<4.
min 1 + x2 + 23 + T4, min x1 + T2 + x3 + T4, min 1 + x2 + 23 + T4,
st.x1+x2=1, st.x1 +x2 < 1, st.x1+xz2=1,

T2+ =1, T2 +x1 < 1, T2+ =1,

T3+ x4 =1, 3+ x4 < 1, 3+ x4 =1,

T4+ a3 =1, T4 +23 <1, T4+ x3 =1,

z; 21, 1<j5<4 z; <1, 1<j<4 z; <1, 1<j5<4

F1GURE 2. LP-graphs that cannot be distinguished by the WL test since neigh-
bor information of {v;} and {w;} in the two graphs is equal. Based on the
graph pair, we construct three pairs of LPs that are both infeasible, both un-

bounded, both feasible bounded with the same optimal solution, respectively.

6 LP problems in Figure[2| In each of the three columns, the two non-isomorphic LP problems
cannot be distinguished by the WL test. It can be checked that the two problems in the
same column share some common characteristics. More specifically, both problems in the first
column are infeasible; both problems in the second column are feasible but unbounded; both
problems in the third column are feasible and bounded with (1/2,1/2,1/2,1/2) as the optimal
solution with the smallest /o-norm. Actually, this phenomenon does not only happen on the
above instances, but also serves as an universal principle for all LP instances. We summarize
the results in the following theorem:

Theorem 4.1. If (G, H), (G, H) € Gp.n x HY, x HW are not distinguishable by Algom'thm
then

q)feas(G7H) = (I)feas(éy H)a (I)obj(Gu H) = (bobj(GyH)'
Furthermore, if (G, H),(G,H) e @;blj-(R), it holds that ®,1,(G, H) = ow (®so(G, H)) for
some ow € S,,.

In other words, the above theorem guarantees the sufficient power of the WL test for sepa-
rating LP problems with different characteristics, including feasibility, optimal objective value,
and optimal solution with smallest fo-norm (up to permutation). This combined with the
following theorem, which states the equivalence of the separation powers of the WL test and

GNNss, yields that GNNs also have sufficient separation power for LP-graphs in the above sense.

Theorem 4.2. For any (G, H), (G, H) € G X HY, x HW | the followings are equivalent:
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(i) (G,H) and (G,H) are not distinguishable by Algorithm .
(ii) F(G,H) = F(G,H), ¥ F € Fann.
(iii) For any Fy € F¥yn, there exists ow € S, such that Fy (G, H) = ow (Fw (G, H)).

Theorem [4.2]extends the results in [4,[19/[52] to the case with the modified WL test (Algorithm
and LP-graphs.
Representation power. Based on the separation power of GNNs, one is able to investigate
the representation/approximation power of GNNs. To prove Theorems and we
first determine the closure of Fgnn or F&N in the space of invariant/equivariant continuous
functions with respect to the sup-norm, which is also named as the universal approximation.
The result of Fony is stated as follows, where C(X, R) is the collection/algebra of all real-valued
continuous function on X. The result of F¥{y can be found in the appendix.

Theorem 4.3. Let X C Gn x HY, x HY be a compact set. For any ® € C(X,R) that satisfies
®(G,H) = &(G, H) for all (G,H), (G, H) that are not distinguishable by Algom'thm and for
any € > 0, there exists F € Fgnn such that
sup |®(G,H)— F(G,H)| <e.
(G,H)eX

Theorem can be viewed as an LP-graph version of results in [4,/19]. Roughly speak-
ing, graph neural networks can approximate any invariant continuous function with arbitrarily
small error. Although our target mappings Preas, Pobj, Psolu are not continuous, we prove (in
appendix) that they are measurable. Applying Lusin’s theorem [17, Theorem 1.14], we show

that GNN can be arbitrarily close to the target mappings except for a small domain.

5. NUMERICAL EXPERIMENTS

We present the numerical results that validate our theoretical results in this section. We gen-
erate LP instances with m = 10 and n = 50 that are possibly infeasible or feasible and bounded.
To check whether GNN can predict feasibility, we generate three data sets with 100, 500, 2500 in-
dependent LP instances respectively, and call the solver wrapped in scipy.optimize.linprog
to get the feasibility, optimal value and an optimal solution for each generated LP. To generate
enough feasible and bounded LPs to check whether GNN can approximate the optimal objective
value and optimal solution, we follow the same approach as before to generate LP randomly
and discard those infeasible LPs until the number of LPs reach our requirement. We train
GNNs to fit the three LP characteristics by minimizing the distance between GNN-output and
those solver-generated answers. The building and the training of the GNNs are implemented
using TensorFlow and the codes are modified fronﬁ [18]. We set L = 2 for all GNNs and those
learnable functions fY, fV, foue, for AV, £V, 9 g}V Yo, are all parameterized with MLPs.
Details can be found in the appendix. Our results are reported in Figure [3]

All the errors reported in Figure [3] are training errors since generalization is out of the
scope of this paper. In Figure the “rate of errors” means the proportion of instances

with Tpg, m)>1/2 # Preas(G, H). This metric exactly equals to zeros as long as the number

30ur codes are modified from https://github.com/ds4dm/learn2branch|and we will release codes.


https://github.com/ds4dm/learn2branch
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FIGURE 3. GNN can approximate ®seas, Pobj, and Pgory

of parameters in GNN is large enough, which directly validates Corollary With the three
curves in Figure [3a] combined together, we conclude that such principle does not violate as the
number of samples increases. This consists with Theorem Mean squared errors in Figures
and [3¢| are respectively defined as E(q g)|F (G, H) — ®seas(G, H)|? and E(q,m||F(G, H) —
®reas (G, H)||?. Therefore, Figures [3b| and [3c| validates Theorems [3.4] and [3.6| respectively. Note
that all the instances used in Figure are feasible and bounded. Thus, Figure actually
only validates in Theorem However, due to the fact that feasibility of an LP is equal
to the boundedness of its dual problem, one may dualize each LP and use the conclusion of
Figure |3al to validate in Theorem (3.4

6. CONCLUSIONS

In this work, we show that graph neural networks, as well as the WL test, have sufficient
separation power to distinguish linear programming problems with different characteristics. In
addition, GNNs can approximate LP feasibility, optimal objective value, and optimal solution
with arbitrarily small errors on compact domains or finite datasets. These results guarantee
that GNN is a proper class of machine learning models to represent linear programs, and
hence contribute to the theoretical foundation in the learning-to-optimize community. Future
directions include investing the representation power of graph neural networks for mixed-integer
linear programming (MILP), which has been observed with promising experimental results in

the literature.
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APPENDIX A. WEISFEILER-LEHMAN (WL) TEST AND COLOR REFINEMENT

The WL test can be viewed as a coloring refinement procedure if there are no collisions of
hash functions and their weighted averages. More specifically, each vertex is colored initially
according to the group it belongs to and its feature — two vertices have the same color if and
only if they are in the same vertex group and have the same feature. The initial colors are
denoted as Cf’v, Cg’v, o, 00V C’?’W, CS’W, ..., C%W _ Then at iteration [, the set of vertices
with the same color at iteration [ — 1 are further partitioned into several subsets according to
the colors of their neighbours — two vertices v; and v; are in the same subset if and only if
CHY = 7Y and for any € € {C’Jlfl’w :1<j<n}

i &
> Ey= >  Ey;
ci-vW=c ci-tW=c

and it is similar for vertices w; and w;:. After such partition/refinement, vertices are associated
with the same color if and only if they are in the same subset, which is the coloring at iteration
l. This procedure is terminated if the refinement is trivial, meaning that no sets with the same
color are partitioned into at least two subsets, i.e., the coloring is stable. For more information
about color refinement, we refer to [2,3}6].

We then discuss the stable coloring that Algorithm [If will converge to, for which we made
the following definition, where & = {51, Sa,..., S} is called a partition of a set S if S; U Sy U
US;=S8Sand $;NSy =0, V1<i<i <s.

Definition A.1 (Stable Partition Pair of Vertices). Let G = (V U W, E) be a weighted bi-
partite graph with V. = {v1,va,...,0,}, W = {wi,wa,...,w,}, and vertex features H =
(RY By ... hY BV RS B and let T = {11, Is,..., I} and T = {J1,Ja,...,Ji} be
partitions of {1,2,...,m} and {1,2,...,n}, respectively. We say that (Z,J) is a stable parti-
tion pair of vertices for the graph G if the followings are satisfied:
(i) hY = h} holds if i,i' € I, for some p € {1,2,...,s}.
(i) h}/V = h}/‘/ holds if 3,j' € Jy for some q € {1,2,...,t}.
(111) For anyp € {1,2,...,s}, ¢ €{1,2,...,t}, and i,i € I, ZjeJq E;, ;= ZjeJq Ey ;.
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. oy
(iv) For anyp € {1,2,...,s}, ¢ €{1,2,...,t}, and j,j' € Jg, > icr Eij = ier, Eijr-

We denote (Z!, J') as the partition pair corresponding the coloring at iteration I of Al-
gorithm Suppose that there are no collisions. Then it is clear that (Z'*!, 7'*1) is finer
than (Z!, J'), denoted as (Z!*1, J*1) < (7!, J'), which means that for any I € Z'*! and
any J € J'*, there exist I’ € T! and J' € J' such that I ¢ I’ and J C J'. In ad-
dition, (Z*1, 71 = (T4, JY) if and only if (Z', J') is a stable partition pair of vertices.
Note that there is at most O(|V| 4 |W|) iterations leading to strictly finer partition pair, i.e,
(2L g < (7 JY but (2, g #£ (T4 JY). We can immediately obtain the following
result:

Theorem A.2. If there are no collision of hash functions and their weighted averages, then

Algorithm[1] terminates at a stable partition pair of vertices in O(|V| 4+ |W|) iterations.

Furthermore, for every (G,H) € G, X HY x HW | the coarsest stable partition pair of
vertices exists and is unique, which can be proved using techniques similar to the proof of
|6, Proposition 3]. Algorithm 1] terminates at the unique coarsest stable partition pair. This is
because that the coloring gin each iteration of Algorithm [I] is always coarser than the unique

coarsest stable partition pair (see [6, Proposition 2]).

APPENDIX B. THE SEPARATION POWER OF THE WL TEST

This section gives the proof and some corollaries of Theorem First we present some

definitions and lemmas, from which the proof of Theorem can be immediately derived.

we say that (G, H) and (G, H) can
be distinguished by the WL test if there exists some L € N and some choices of hash functions,
HASH, v, HASHy w, HASH, v, HASH, w, HASH;)V, and HASH27W, forl=1,2,...,L, such
that the multisets of colors at the L-th iteration of the WL test are different for (G, H) and
(G, H). Let ~ be an equivalence relationship on G, n x HY, x HY defined via: (G, H) ~ (G, H)
if and only if they can not be distinguished by the WL test.

n

Definition B.1. Given (G, H), (G, H) € G X HY x HYW

It is clear that (G, H) ~ (G, H) if they are isometric, i.e., there exist two permutations, oy :
{1,2,...,m} = {1,2,...,m} and ow : {1,2,...,n} = {1,2,...,n}, such that E; (o () =
Ei,j, h’};/v(i) = hY, and hZVW(j) = izyv, for any i € {1,2,...,m} and j € {1,2,...,n}. However,
not every pair of WL-indistinguishable graphs consists of isometric ones; see Figure [2] for an
example. However, for LP problems that cannot be distinguished by the WL test will share

some common properties, even if their associated graphs are not isomorphic.

Lemma B.2. If two weighted bipartite graphs with vertex features corresponding to two LP
problems are indistinguishable by the WL test, then either both problems are feasible or both
are infeasible. In other words, the WL test can distinguish two LP problems if one of them is

feasible while the other one is infeasible.
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Proof of Lemma[B-3 Let us consider two LP problems:
T

min ¢ x,
(Bl) zER™

st. Axr o b, [ <z <wu,
and

m%@I}L c x,
(B.2) e

S.t. flxéf), [Sxﬁz).

Let (G, H) and (G, H), where G = (V UW, E) and G = (V UW, E), be the weighted bipartite
graphs with vertex features corresponding to and , respectively.

Since (G,H) ~ (G, H), for some choice of hash functions with no collision during Algo-
rithm |1 for (G, H) and (G, H ), Theorem guarantees that Algorithm |1 outputs the same
stable coloring for (G, H) and (G’,FI ) up to permutation. More specifically, after doing some
permutation, there exist Z = {I1,Is,...,Is} and J = {J1, Ja,...,J;} that are partitions of
{1,2,...,m} and {1,2,...,n}, respectively, such that the followings hold:

o (b;,0;) = (l;i,éi) and is independent of ¢ € I, for any p € {1,2,...,s}.
e (Ij,u;) = (I;,4;) and is independent of j € J, for any q € {1,2,...,t}.
e For any p € {1,2,...,s} and ¢ € {1,2,...,t}, ZjeJq A= ZjeJq /1” and is independent

of i € I,.

e Forany pe€ {1,2,...,s} and g € {1,2,...,t}, Ziel,, A= Zielp fl” and is independent of

Jje€Jg

Suppose that the problem is feasible with x € R™ be some point in the feasible region.
Define y € R via y, = 77 3¢, #j and & € R" via & = yq, j € Jo. Fix any p € {1,2,...,s}
and some 7y € I,,. It holds for any i € I, that

n t
ZAZ'-,]':EJ' 0; bi, i.e., Z Z Ai’jxj Oip bio?
j=1 =1jelq
which implies that
1 t 1<
TZZZ J‘CJ'ZTZZ D Aig | @50 big-
€l, q=1j¢eJ, q=1j€eJ, \i€l,

Notice that ZleI ;; is constant for j € Jy, V ¢ € {1,2,...,t}. Let us denote oy =
Zielp A= Zie],, AM for any j € J;. Then it holds that

Note that
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and that >, 7, J is constant for ¢ € I,. So one can conclude that
n t t

2 Aty =D > At =D | 2 i |vaoibi Vieh,

Jj=1 g=1j€Jq q=1 \jeJq
which leads to AZ 6 b. It can also be seen that [ = I < & < u < 4. Therefore, z is feasible for
B2).

We have shown above that the feasibility of (B.1)) implies the feasibility of (B.2]). The inverse

is also true by the same reasoning. Hence, we complete the proof. O

Lemma B.3. If two weighted bipartite graphs with vertex features corresponding to two LP
problems are indistinguishable by the WL test, then these two problems share the same optimal

objective value (could be oo or —o0).

Proof of Lemma[B-3 If both problems are infeasible, then their optimal objective values are
both co. We then consider the case that both problems are feasible. We use the same setting
and notations as in Lemma and in addition we have that ¢; = é;, which is part of b}V = iAz}’V,
is independent of j € J, for any ¢ € {1,2,...,t}. Suppose that = is an feasible solution to the
problem and let Z € R™ be defined via ; = ﬁ ZJ reg, Tj's Jje€Jg Itis guaranteed by
the proof of Lemmathat Z is a feasible solution to . One can also see that ¢z = & 2.
Since this holds for any feasible solution x to , the optlmal value of the objective function
for is smaller than or equal to that for . The inverse is also true and the proof is
completed. O

Lemma B.4. Suppose that two weighted bipartite graphs with vertex features corresponding to
two LP problems are indistinguishable by the WL test and the their optimal objective values are
both finite. Then these two problems have the same optimal solution with the smallest {3-norm,

up to permutation.

Proof of Lemma[B-J} We work with the same setting as in Lemma where permutations
have already been applied. Let = and 2’ be the optimal solution to and with the
smallest fo-norm, respectively. (Recall that the optimal solution to a LP problem with the
smallest £2-norm is unique, see Remark ) Let £ € R™ be defined via &; = ﬁ Zj/eJq xj for
j€Jgq=1,2,...,t. According to the arguments in the proof of Lemma [B.2|and Lemma [B.3]
Z is an optimal solution to . The minimality of #’ yields that

t t

2
¢
(B3) [a’l3 < 1213 =Y |4l Z ul =2 7 o] <30 @ =l
g=1 ]EJ q=1 J€Jq a=1jeJ,

which implies ||z’|] < ||z||. The converse ||z| < ||2'| is also true. Therefore, we must have
|z]] = ||=’|| and hence, the inequalities in must hold as equalities. Then one can conclude
that «; = z; for any 4,5’ € Jy and ¢ = 1,2,. .., ¢, which leads to = Z. Furthermore, it follows
from ||z'|| = ||#]] and the uniqueness of =’ (see Remark that ' = & = z, which completes
the proof. O
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One corollary one can see from the proof of Lemma[B.4]is that the components of the optimal
solution with the smallest ¢3-norm must be the same if the two corresponding vertices have the
same color in the WL test.

Corollary B.5. Let (G, H) be a weighted bipartite graph with vertex features and let x be
the optimal solution to the corresponding LP problem with the smallest o-norm. Suppose that
for some j,j’ € {1,2,...,n}, one has C;-’W = C’;’,W for any 1 € N and any choices of hash

functions, then xj; = x;.

Let us also define another equivalence relationship on G, , X HY x HW where colors of

w1, We, ..., w; with ordering (not just multisets) are considered:

Definition B.6. Given (G, H), (G, H) € Gy x HY. x HY , (G, H) and (G, H) are not in the
same equivalence class of iy if and only if there exist some L € N and some hash functions
HASH, v, HASHyw, HASH,y, HASH,w, HASH,,, and HASH,y,, | = 1,2,...,L, such
that {{CEY LV, .. cLVyy £ ({CFY,CEY, ... CLYYY or le-’W # OJZW for some j €
{1,2,...,n}.

It is clear that (G, H) i (G', fI) implies (G, H) ~ (G, I:I) One can actually obtain a stronger
version of Lemma given (G, H) i (é, ﬁ)
Corollary B.7. Suppose that two weighted bipartite graphs with vertex features corresponding
to two LP problems, (G,H) and (G,H), satisfies that (G, H) X (G, H). Then these two

problems have the same optimal solution with the smallest £o-norm.

Proof of Corollary[B.7]. The proof of Lemma still applies with the difference that there is

no permutation on {wy,ws, ..., wy,}. O

Proof of Theorem[].1 The proof of Theorem follows immediately from Lemmas [B.2] [B-3|
and B4 O

APPENDIX C. SEPARATION POWER OF GRAPH NEURAL NETWORKS

This section aims to prove Theorem i.e., the separation power of GNNs is equivalent to
that of the WL test. Similar results can be found in previous literature, see e.g. [4,{19,/52]. We
first introduce some lemmas that can directly imply Theorem The lemma below, similar
to [52, Lemma 2], states that the separation power of GNNs is at most that of the WL test.

Lemma C.1. Let (G, H),(G,H) € G, x HY, x HV. If (G,H) ~ (G, H), then for any
Fy € ]:Z;VNN, there exists a permutation ow € Sy such that Fy (G, H) = Uw(Fw(é, f[))

Proof of Lemma[C_d First we describe the sketch of our proof. The assumption (G, H) ~
(G‘, I;T) implies that, if we apply the WL test on (G, H) and (G‘, I:I), the test results should be
exactly the same whatever the hash functions in the WL test we choose. In the first step, we
define a set of hash functions that are injective on all possible inputs. Second, we show that, if
we apply an arbitrarily chosen GNN: Fy, € Féyy on (G, H) and (G, H), the vertex features of
the two graphs are exactly the same up to permutation, given the fact that the WL test results
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are the same. Finally, it concludes that Fy (G, H) should be the same with Fy (G, H) up to
permutation.
Let us first define hash functions. We choose HASH v and HASH s that are injective on

the following sets (not multisets) respectively:

(nY, ... WY RY . RY Y and {A)Y, . R RY AV Y.

¥ m n

Let {C’l LVam {C’l b W}” , and {C’l LVam {C‘;fl’w}?fl kje the vertex colors in the (I—1)-
th iteration (1 < < L) in the WL test for (G, H) and (G, H) respectively. Define two sets

(not multisets) that collect different colors:
v -1,V -1,V Al-1V Al—-1,V
C_.={C N O/ N O NN G

and
1—1,W -1,W Al-1,W Al—1,W
Cz 1—{0 RN O ,Ch N }.

The hash function HASH] ;, and HASH; y;; are chosen such that the outputs are located in
some linear spaces and that {HASH; ,(C) : C € C/;} and {HASH] ;,(C) : C € CV,} are
both linearly independent. Finally, we choose hash functions HASH; v and HASH; y- such that
HASH;, v is injective on the set (not multiset)

Ci7MY, ST B HASH, (C]l._l’w) 1<i<m

j=1

U llVZEHHASH (C“W) 1<i<m,
Jj=1

and that HASH, y is injective on the set (not multiset)
(e S momasit, (7)) 1< <)
i=1
u { (éjl’W, 3 Ei HASH,,, (C}?LV)> 1<) < n} .

i=1
Those hash functions give the vertex colors at the next iteration (I-th layer): {C’lv i
{ClW " and {Clv m {CIW n_

Conblder any Fyy € F¥x and let {hl=1Y}m 1,{hl 1W}" L and {hl"1Vym 1,{hl LW [
be the vertex features in the [-th layer (0 <1 < L) of the graph neural network Fy . (Update
rule refers to equations ,,,) We aim to prove by induction that for any [ €
{0,1,..., L}, the followings hold:

i Cl V= %Y implies hﬁ’v hl,v7 for 1 <4,7 <m;
(ii C’l implies iliv hLY for 1 <i,i' < m;

il

(i)
) ~
(iii) C lVfC’ 1mplieshlv hLY for 1 <i,i' < m;
)
)

i

(iv ClW Clwlmpheshlw th for 1 < 4,5 < mn;
(v ClW Clwlmpheshlwfhlw for 1 < 3,5 <m;



ON REPRESENTING LINEAR PROGRAMS BY GRAPH NEURAL NETWORKS 21

(vi) C;-’W = CA';’,W implies héfW = izé»’,W7 for 1 <j,7 <n.
The above claims (i)-(vi) are clearly true for { = 0 due to the injectivity of HASH, y and

HASHp w. Now we assume that (i)-(vi) are true for some ! —1 € {0,1,...,L —1}. Suppose
that V' = %Y, ie

n
HASHy €71, By HASH, ()Y
j=1

j=1
for some 1 < i,7" < m. It follows from the injectivity of HASH; v that
(C.1) Czkl,v _ Cffl’v7
and

f: E; jHASH] (ijLW) = En: By ;HASH, (C;*LW) .
j=1 j=1

According to the linearly independent property of HASHLW7 the above equation implies that

(C.2) ' Egy= Y By VCeQl,.
¢t W=c citW=c
Note that the induction assumption guarantees that REEW = Bl W ag long as oLt =

lefl’W. So one can assign for each C € C}V, some h(C) € R%-1 such that hé‘fl’w = h(C) as

long as C’l-_l’W = C for any 1 < j < n. Therefore, it follows from (C.2) that

ZE,Jfl (R = > Z Ei i i)V (h(C))

_7 1 CGCW Cl 1W
z : } : 2 : -1,w
Ez Jfl Ez ]fl h )
ceclV, ci~W=c Jj=1

Note also that (C.1) and the induction assumption lead to hé_l’v

conclude that

-1,
= h, V. Then one can

n n
A% -1,V 1—1,W -1,V —1,W LV
hy" = le h; az E@jflw(hj ) = glV hi' 72 Ei',jflw(hj )| = hi/ :

Jj=1 Jj=1

This proves the claim (i) for [. The other five claims can be proved using similar arguments.
Therefore, we obtain from (G, H) ~ (G, H) that

{{hf’v7h§’v,.--,hkv}} = {{BIL,V,]AQL,V,“.’;L#,V}}’
(0 YY) LR R )

and that
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By the definition of the output layer, the above conclusion guarantees that Fy (G, H) =
Uw(Fw(G, fI)) for some ow € S,,. O

Lemma C.2. Let (G,H),(G, ﬁ) € G X HY x HW . Suppose that for any Fiy € Flyns
there exists a permutation ow € S, such that Fy (G, H) = ow (Fw (G, H)). Then F(G,H) =
F(é, fI) holds for any F € Fann-

Proof of Lemma[C.3 Pick an arbitrary F € Fonn. We choose Fyy € Fliy such that
Fw (G H') = (F(G,H'),...,F(G'H)) €R", V(G H)EGnnxH" xH.

Note that every entry in the output of Fy is equal to the output of F. Thus, it follows from
Fw (G, H) = ow(Fw (G, H)) that F(G,H) = F(G, H). O

The next lemma is similar to [52, Theorem 3] and states that the separation power of GNNs
is at least that of the WL test.

Lemma C.3. Let (G, H),(G, H) € Gy x HY, x HW . If F(G,H) = F(G, H) holds for any
F € Fann, then (G, H) ~ (G, H).

Proof of Lemma[C.3 It suffices to prove that, if (G, H) can be distinguished from (G’,f[) by
the WL test, then there exists F € Fgnn, such that F(G, H) # F(G, H). The distinguish-
ability of the WL test implies that there exists L € N and hash functions, HASH, ,, HASHy w,
HASH, v, HASH; w, HASH] ,,, and HASH] , for | = 1,2, ..., L, such that

(C.3) Hotverv. oxv )y {{erv ey, env))
or
(C.4) Horw.ebv o opmW e {{ov ebw L crv)),

We aim to construct some GNNs such that the followings hold for any I =0,1,...,L:
(i) hi’v = hi}v implies C’f’v = C’f}v, for 1 <i,7 <my
(ii) fliv = Bi’,v implies C’fv = C’f;v, for 1 <i,¢ <m;
) hi»’v = izi}v implies Cf’v = C’f,’v, for 1 <1i,7 < m;
(iv) héfW = hé’,W implies Cé’W = le»’,W7 for 1 < 4,7 <m;
) fLéW = fzé.’,w implies é’;w = C’;}W, for 1 <j,7 <m;
(vi) hé’W = izé.’/w implies C;’W = C’;;W, for 1 <j,7 <n.
It is clear that the above conditions (i)-(vi) hold for I = 0 as long as we choose fY and fY

that are injective on the following two sets (not multisets) respectively:

Ry, RV RY Y Y and (R, R R R

) m i n

We then assume that (i)-(vi) hold for some 0 <[ —1 < L, and show that these conditions are

also satisfied for [ if we choose f, f}/V,gY, g}V properly. Let us consider the set (not multiset):
{a1,00,...,as} C RY-1

that collects all different values in i~ bW o pl=t.W pl=bW pl=bW o Rl W et
d; > s and let egl =(0,...,0,1,0,...,0) be the vector in R%* with the p-th entry being 1 and
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all other entries being 0, for 1 < p < s. Choose f}V : R%-1 — R% as a continuous function
satisfying £V (o) = egl, p=1,2,...,s, and choose g} : R%-1 x R% — R% that is continuous
and is injective when restricted on the set (not multiset)

héfl’v,in,jle(héil’W) :1<i<m

Jj=1

j=1
Noticing that
n S
-1,W
ZEzjle(h] ) = E’L,j egla
Jj=1 =1 \ni "W =a,
and that {eill,eg’, e egl} is linearly independent, one can conclude that hi’v = hi}v if and

only if hi_l’v = hﬁ»/_l’v and Z;;l Ei,jle(hé._l’W) = Z;’:l Ei,,jflw(hé-_l’w), where the second
condition is equivalent to

Z Ei,j = Z Ei/J, VpE {1,2,...,5}.

h;—l,W pl-t W

=ayp J =y

This, as well as the condition (iv) for [ — 1, implies that
ZE@]‘HASH;’W (le._l’W> = ZEi’)jHASHE,W (le-_l’w) 7
j=1 =

and hence that C’f’v = Cf,’v by using hiil’v = héfl’v and condition (i) for { —1. Therefore, we
know that (i) is satisfied for I, and one can show (ii) and (iii) for [ using similar arguments by
taking d; large enough. In addition, fY and g/ can also be chosen in a similar way such that

(iv)-(vi) are satisfied for .

Combining , , and condition (i)-(iv) for L, we obtain that
(C5) Ly kv kv Y LY by kv,

or
({0 VY (R )
Without loss of generality, we can assume that (C.5) holds.

Consider the set (not multiset)

{BlaﬁQ?"'aBt} C RdL7

that collects all different values in hlL’V, hQL’V7 .. .,h{;L’V,lA“LlL’V,IA“LQL’V, .. .,iLf,;V. Let k > 1bea
positive integer that is greater than the maximal multiplicity of an element in the multisets
{nY nY, o hEVIY and {{hEV hEY ... hLV}}. There exists a continuous function
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¢ : R — R such that ¢(8,) = k? for ¢ = 1,2,...,t, and due to (C.5)) and the fact that the

way of writing an integer as k-ary expression is unique, it hence holds that
m m
LV PLV
Z p(h;"") # Z p(h;"").
i=1 i=1

Set the dimension of (L 4 1)-th layer as 1: drpy1 = 1, and set fr11v =0, foriw = 0,
gr+1,v(h,0) = ¢(h), and gr4+1,w = 0. Then we have hiL’Ll’V = (p(hiL’V), fzf“’v = ap(iziL’V),
and h]LH’W = iLJL+1’W fori =1,2,...,mand j = 1,2,--- ,n. Define fout : Rx R — R via

fout(hyh') = h. Then it follows that

Fout ihf+1’v7 zn: hJLH,W _ f: (p(hiL,V)
i=1 j=1 i=1

n

m m
2LV > L+1,V > L+1,W
#>_oh") = four Ry PRV TR
=1 j=1

1=1 7
which guarantees the existence of F' € Fgnn that has L + 1 layers and satisfies F(G, H) #
F(G, H). O
Proof of Theorem[{.4 The equivalence of the three conditions follow directly from Lemma|[C-]]
and .

Corollary C.4. For any two weighted bipartite graphs with vertex features (G, H), (G, H) €
Gmn X HY x HW | the followings are equivalent:

(i) (G, H) ¥ (G, H). B

(ii) For any Fyw € F&yy. it holds that Fyw (G, H) = Fw (G, H).

Proof of Corollary[C-4} The proof follows similar lines as in the proof of Theorem [£.2] with the

difference that there is no permutation on {wy, ws,...,wy,}. O

In addition to the separation power of GNNs for two weighted bipartite graphs with vertex
features, one can also obtain results on separating different vertices in one weighted bipartite

graph with vertex features.

Corollary C.5. For any weighted bipartite graph with vertex features (G, H) and any j,j" €

{1,2,...,n}, the followings are equivalent:
(i) C;-’W = CJZW,W holds for any l € N and any choice of hash functions.
(ii) Fw (G, H); = Fw (G, H);1, ¥ Fi € Fyn-

Proof of Corollary[C25 “(i) = (ii)” and “(ii) => (i)” can be proved using similar arguments
in the proof of Lemma and Lemma respectively. O
APPENDIX D. UNIVERSAL APPROXIATION OF FGNN

This section provides the proof of Theorem The main mathematical tool used in the

proof is the Stone-Weierstrass theorem:
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Theorem D.1 (Stone-Weierstrass theorem [45] Section 5.7]). Let X be a compact Hausdorff
space and let F C C(X,R) be a subalgebra. If F separates points on X, i.e., for any x,2’ € X
with x # a', there exists F € F such that F(x) # F(z'), and 1 € F, then F is dense in C(X,R)
with the topology of uniform convergence.

Proof of Theorem[{.3 Let @ : X — X/ ~ be the quotient map, where 7(X) = X/ ~ is
equipped with the quotient topology. For any F' € Fgnn, since F' : X — R is continuous and
by Theorem F(G,H) = F(G,H), V (G,H) ~ (G, H), there exists a unique continuous
F:7(X) — R such that F = For. Set

Fanx = {F: F € Faxn} € C(n(X),R).
In addition, the assumption on 9, i.e.,
(G, H) =G, H), V(G H) ~ (G H),

leads to the existence of a unique ® € C(m(X),R) with ® = ® o 7.

Since X is compact, then m(X) is also compact due to the continuity of m. According to
Lemma below, Fann is a subalgebra of C(7(X),R). By Theorem FGoNN separates
points on 7(X). This can further imply that 7(X) is Hausdorfl. In fact, for any z,2’ €
7(X), there exists F' € Fgny with F(z) # F(z'). Without loss of generality, we assume that
F(z) < F(2') and choose some ¢ € R with F(z) < ¢ < F(z'). By continuity of F, we know
that F~1((—o0,c)) N7(X) and F~1((c, +o0)) N 7(X) are disjoint open subsets of 7(X) with
z € F1((—00,¢))Nn(X) and 2/ € F~1((¢, +00))Nm(X), which leads to the Hausdorff property
of 7(X). Note also that 1 € Fonn. Using Theorem we can conclude the denseness of
Fony in C(m(X),R). Therefore, for any € > 0, there exists F' € Fann, such that

sup |®(G,H) — F(G,H)| = sup |®(z) - F(z)| <e,
(G, H)eX zem(X)

which completes the proof. O

Lemma D.2. Fgyy is a subalgebra of C(Gpmn x HY, x HW R), and as a corollary, Fenw is
a subalgebra of C(Gpn X Hyy X HYW ) ~ R).

Proof of Lemma[D.2 It suffices to show that Fgny is closed under addition and multiplication.
Consider any F, F € Fonn. Thanks to Lemma we can assume that both F and F have L
layers. Suppose that F' is constructed by

v HY 5 R HY 5 R
R R S RE g gV RE xR 5 RY, 1<I< L,
fous : R x R — R,
and that [ is constructed by
VY SR VW R,
VRV R S RE Y g R RY S RE 1<I<

fous s RIE x RIL 5 R,
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One can then construct two new GNNs computing F' + F and F - F as follows:
The input layer. The update rule of the input layer is defined by

£V 1Y » R% xRb,
h = ( i (), Ai‘rf(h)>7
£V HW 5 R% x R,
hoe (£ ) A ).
Then the vertex features after the computation of the input layer h?’v and h?’W are given by:
BV = £ (h) = (RN ), FU D)) = Y hY) € R x R,
B = £ (1Y) = (A (), A () = (1Y RS) e R < R,

fori=1,2...,m,and j =1,2,...,n.
The I-th layer (1 <1< L). We set

£/ RI-1 x RI-1 o RU xR
(hoh) > (£ (), £ ()
£V R x RE-1 o RU xR
(hh) = (7 (), fY ()
g/ R xR xR X RE 5 R% x R%,
(hoh bR (g (). gl ()
and
gl iR x RA xR x RT 5 R X RY,
(oo b B (g (), Y (o) )
Then the vertex features after the computation of the [-th layer hi’v and hé’W are given by:

LV -1,V 1-1,W
hy' =gl | b 7ZEi7jle(hj )

j=1

-1,V -1, . S1,V W l—1,W
= o/ (WD BT ) el | Y)Y D B RY(RTETY)

j=1 j=1
= (hV,hY) e R x RY,
and

Wl (17 Y )

i=1
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= <ng (hé-l’W,ZEz-,jfﬂhil’V)) 9l (ﬁ;l’w,inJ flvua;w)»

i=1 i=1
LW LW d d
= (h;",h;") € R x RY,

fore=1,2...,m,and j=1,2,....n

3

The output layer. To obtain F' + F, we set

fiﬁ? . RdL % RdL x RdL x RdL N R)

((hyh), (W) = fout (B B)) + fous(hy h').
Then it holds that

£ [SOREY S R | g [SOREVSTREY ) o [ SREV. S W
i=1 j=1 i=1 j=1 i=1 j=1
=F(G,H) + F(G, H).
To obtain F' - ]3' we set
fmutltlply : RdL % RdL % RdL % R(ZL N R7
((h7 ]AZ)’ (hlv ill)) — fout(h7 hl) : fout(li% il/)
Then it holds that

fﬁﬂlmply i hiL,V7 i hlL,W = fous Zm: hfyv i h][_,,W . fout i ]:LiL,v, i }”L]L,W
i=1 j=1 i=1 j=1 i=1 j=1
=F(G,H)-F(G, H).

The constructed GNNs satisfy F(G, H) + F(G, H) € Fonx and F(G,H) - F(G,H) € Fonn,
which finishes the proof. O

Lemma D.3. If F € Fgny has L layers, then there exists Fe Fonn with L+ 1 layers such
that F = F'.

Proof of Lemma[D.3. Suppose that F is constructed by fi¥, W four, {fV ,fl a0 gV Y. We
choose f},, =0, fz‘j_l =0, gy (hh') = h, g}, (h,h') = h. Let F' be constructed by
m,fm s fouts {fl ,fl ,gl .4 }ZL+01. Then F has L + 1 layers with F=F. O

APPENDIX E. UNIVERSAL APPROXIMATION OF Fl(y

This section provides an universal approximation result of Fiyy-

Theorem E.1. Let X C Gy x HY x HW be a compact subset that is closed under the action
of Spm X Sp. Suppose that ® € C(X,R™) satisfies the followings:

(G, H) € X, it holds that
(E.1) @ ((ov,ow) = (G, H)) = ow (2(G, H)).
(ii) ®(G, H) = ®(G, H) holds for all (G,

(i) For any oy € Sy, ow € Sp, and (G

H),(G, H) € X with (G, H) X (G, H).
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(i1i) Given any (G,H) € X and any j,j' € {1,2,...,n}, if C;’W = CJlf,W (the vertex colors
obtained in the l-th iteration in WL test) holds for any |l € N and any choices of hash
functions, then ®(G,H); = ®(G, H);.

Then for any € > 0, there exists F € F{yy such that

sup ||(I)(G5H)_F(G7H)H <e.
(G,H)eX

Theorem is a LP-graph version of results on the closure of equivariant GNN class in
[4)19]. The main tool in the proof of Theoremis the following generalized Stone-Weierstrass

theorem for equivariant functions established in [4].

Theorem E.2 (Generalized Stone-Weierstrass theorem [4, Theorem 22]). Let X be a compact
topology space and let G be a finite group that acts continuously on X and R™. Define the
collection of all equivariant continuous functions from X to R™ as follows:
Ce(X,R")={FeC(X,R"): F(gxz) =g F(z), Vz € X,g € G}.
Consider any F C Cr(X,R"™) and any ® € Cg(X,R™). Suppose the following conditions hold:
(i) F is a subalgebra of C(X,R"™) and 1 € F.
(ii) For any xz,x’ € X, if f(x) = f(a’) holds for any f € C(X,R) with f1 € F, then for
any F € F, there exists g € G such that F(z) = g« F(2').
(iii) For any z,2' € X, if F(x) = F(2') holds for any F € F, then ®(z) = ®(z').
() For any x € X, it holds that ®(z); = ®(x);,, ¥ (4,5) € J(x), where
Jx)={{1,2,....n}" : F(z); =F(z);, YV F € F}.

Then for any € > 0, there exists F' € F such that

sup ||®(z) — F(z)| < e.
zeX

We refer to [49] for different versions of Stone-Weierstrass theorem, that is also used in [4].
In the proof of Theorem [E-I] we also need the following lemma whose proof is almost the same
as the proof of Lemma and is hence omitted.

Lemma E.3. Fl¥yy is a subalgebra of C(Gpn X HY, x HIY ,R™).
Proof of Theorem[E.1l Let S,, x S, act on R™ via
(ov,ow)*xy=ow(y), Voyv € Sn,ow €Sy, y €R"™.

Then it follows from that @ is equivariant. In addition, the definition of graph neural
networks directly guarantees the equivariance of functions in ]-'(‘%N. Therefore, one only needs
to verify the conditions with F as F¥\x and G as S,, in Theorem [E.2

e Condition (i) in Theorem follows from Lemma and the definition of Flxx-

e Condition (ii) in Theorem follows from Theorem and Fannl C Féun-

e Condition (iii) in Theorem [E.2] follows from Corollary [C.4)and Condition (ii) in Theorem[E.T
e Condition (iv) in Theorem [E.2]follows from Corollary[C.5/and Condition (iii) in Theorem[E.T

It finishes the proof. O
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APPENDIX F. PROOF OF MAIN THEOREMS

We collect the proofs of main theorems stated in Section [3]in this section.

Proof of Theorem[3.1 If F(G,H) = F(é, FI) holds for any F' € Fgnn, then Theorem (4.2
guarantees that (G,H) ~ (G,H). Thus, Condition (i), (i), and (iii) follow directly from
Lemmas and respectively.

Furthermore, if Fyy (G, H) = FW(G, FI), V Fy € Féxn, then it follows from Corollary |C.4
and Corollary that the two LP problems associated to (G, H) and (G, H) share the same
optimal solution with the smallest /5-norm. O

Then we head into the proof of three main approximation theorems, say Theorem
and that state that GNNs can approximate the feasibility mapping Pfe.s, the optimal
objective value mapping ®.p;, and the optimal solution mapping ®so1, with arbitrarily small
error, respectively. We have established in Sections [D] and [E] several theorems for graph neural
networks to approximate continuous mappings. Therefore, the proof of Theorem and
basically consists of two steps:

(i) Show that the mappings ®eas, Pobj, and Pgo1, are measurable.
(ii) Use continuous mappings to approximate the target measurable mappings, and then

apply the universal approximation results established in Sections [D| and

Let us first prove the feasibility of ®seas, Pobj, and Pgo1y in the following three lemmas.

Lemma F.1. The feasibility mapping ®jeqs defined in (2.7) is measurable, i.e., the preimages
! (0) and ®;} (1) are both measurable subsets of G x HY x HW.

feas feas

Proof of Lemma[F.1 It suffices to prove that for any o € {<,=>}" and any N;, N,, C {1,2,...,n},
the set

Xteas 1= {(A,b,1,u) € R™™ x R™ x RNVl x RINul;
dzeR", st. Azobd, z; >1;, VjE N, z; <wuj, VjeN,},

is a measurable subset in R™*" x R™ x RIMl x RINul. Without loss of generality, we assume
that o = (<, ..., <,=,...,=,>,...,>) where “<”, “=" and “>" appear for ki, ks — k1, and
m — k1 — ko times, respectively, 0 < k; < ky < m.

Let us define a function Vieas : R™*" x R™ x RIMI x RINVul x R — R>o that measures to

what extend a point in R™ violates the constraints:

n n
Vieas(A,b, 1, u, z) = max { max E A sz — b max E A; iz — b
eas( s Uy by Uy ) 1<i<k1 — 2,7 T 7k1<i§k2 —~ 1,37 QR
j= n j=
n
max | b; — A ix; max(l; — x; max (r; — u;
fame | E 1,52 ) jeNl(J i)+ jeNu( j i)+ (s

+
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where y; = max{y,0}. It can be seen that Vi..s is continuous and Vieas(4,b,l,u,z) = 0
if and only if Axob, z; > Il;, Vj € N, and z; < uj, V j € N,. Therefore, for any
(A,b,1,u) € R™*™ x R™ x RINil x RINul the followings are equivalent:
o (A, u) € Xteas-
e There exists R € N} and © € B := {2’ € R": ||2/|| < R}, such that Vieas(4, b, 1, u,z) = 0.
o There exists R € N such that for any r € Ni, Vieas(A4,b,1,u,2) < 1/r holds for some
xr € BRNQ".
This implies that Xg..s can be described via
Un u {(A,b,l,u) € R™*" x R™ x RIMI x RINul: Vioo (A, 0,1, u, ) < i}
ReN, reN; zeBrnQ™
Since Q™ is countable and V is continuous, we immediately obtain from the above expression
that Xfeas 1S measurable. O

Lemma F.2. The optimal objective value mapping ®,p; defined in (2.8)) is measurable.

Proof of Lemma[F4 1t suffices to prove that for any o € {<,=>}", any subsets N;, N, C
{1,2,...,n}, and any ¢ € R, the set
Xobj = {(A,b,¢,1,u) € R™*™ x R™ x R" x RNVl 5 RINul .
JzeR", st. c'z<¢, Arob, xj >1;, VjeN, z; <uj, ¥jeE N},

is a measurable subset in R"™*" x R™ x R™ x RINil x RIVul. Then the proof follows the same

lines as in the proof of Lemma with a different violation function
Vobj(A,b,¢,l,u,x) = max {(CTIE — &)ty Vieas (A, b, 1, u,z)} )

Lemma F.3. The optimal solution mapping ®sop, defined in (2.9) is measurable.
Proof of Lemma[F.3, 1t suffices to show that for every jo € {1,2,...,n}, the mapping
iy © Peolu : @;blj(R) - R,
is measurable, where 7;, : R" — R maps a vector € R™ to its jo-th component. Similar as
before, one can consider any o € {<,=>}" any N;, N, C {1,2,...,n}, and any ¢ € R, and
prove that the set
Xeom = {(A,b,¢,1,u) € R™" x R™ x R" x RINil 5 RIVul ;

The LP problem, min c'x, st. Azob, x; >1;, ¥V jEN, z; <uy, VjE N,
T€eR

has a finite optimal objective value, and its optimal solution with the smallest ¢, — norm,
Topt, satisfles (Topt)j, < O,

is measurable.
Note that we have fixed o € {<,=>}"™ and N;, N,, C {1,2,...,n}. Let

. mxn m n N, N, 1% w
LiR™ X R™ xR x RV RIVuL 5 G 1Y e HIY
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be the embedding map. Define another violation function
Vsolu : ((I)obj o L)_l(R) x R" = R,
via
V(4. b, ¢ Lu, ) = max { (7 = ®oug (1A, b,¢,1,0))) , , Vieas (A, b, ¢4, 7) }

which is measurable due to the measurability of ®,,; and the continuity of Vie,s. Moreover,

Visolu 1s continuous with respect to x. Therefore, the followings are equivalent for (4,b,¢,l,u) €

(Pobj 0 1) "H(R):

o (A)b,c,l,u) € Xeolu-

e There exists ¢ € R" with z;, < ¢, such that Vi (A4, b, ¢, 1, u,x) = 0 and Viora (A4, b, ¢, L, u, ') >
0, V' € By, v} > ¢

o Thereexists R € Q4, r € Ny, and € Bg with z;, < ¢—1/r, such that Vi (A4,b,¢,1,u, z) =
0 and Vion(4,b,¢,l,u,2") >0, V2’ € Bg, o} > ¢.

e There exists R € Q4 and r € Ny, such that for all ¥ € Ny, 32 € BN Q", zj, < ¢ —1/r,
st Vio(4,b,¢,l,u,z) < 1/r" and that 3" € N4, s.t., Vio (4,0, ¢, L, u,2’) > 1/r", V2’ €
BrNQ", 2% > ¢.

Therefore, one has that

Xow= |J U

ReQ4 reNg

|

1
nl U N {(A,b,c,l,u)e(q>0bjOL)—1(R):Vsolu(A,b,c,z,u,x’)z,,} ,

r
r’""eNy z’€ BRNQ™, :13’7.0 >

*3\‘_;

ﬂ U {(A,b,ql,u) € (Pobj 0 ) H(R) : Vi (A, b, ¢, L, u,x) <

r'ENt 2€BRNQ™, w0 <o— 2

which is measurable. O

With the measurability of ®feas, Pobj, and Py, established, the next step is to approximate
Dieas, Pobj, and Pyl using continuous mappings, and hence graph neural networks. Before
proceeding, let us mention that G, ,, x HY x HW is essentially the disjoint union of finitely
many product spaces of Euclidean spaces and discrete spaces that have finitely many points
and are equipped with discrete measures. More specifically,

Grn X HY x HY 2 R™ " x (R x {<,=,>D)™ x (R x (RU{—00}) x (RU {400}))"

no (1) (%)
= U U U R™*™ x R™ x R" x R F 5 R*=¥
k,k'=0s=1s"=1

Therefore, many results in real analysis for Euclidean spaces still apply for G, ,, x HY x HIY
and Meas(-), including the following Lusin’s theorem.
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Theorem F.4 (Lusin’s theorem [17, Theorem 1.14]). Let u be a Borel regular measure on R™
and let f : R™ — R™ be p-measurable. Then for any p-measurable X C R™ with u(X) < oo
and any € > 0, there exists a compact set E C X with p(X\FE) < ¢, such that f|g is continuous.

Proof of Theorem[3.3. Since X C G x HY, x HW is measurable with finite measure, accord-
ing to Lusin’s theorem, there is a compact set E C X such that ®ge.s|g is continuous with
Meas(X\E) < e. By Lemma[B.2] and Theorem [1.3] there exists ' € Fann such that

1
sup |F(G, H) — @sens(G, H)| < =,
(G,H)eE 2
which implies that
HF(G,H)>1/2 = (I)feas(Ga H)v v (G7H) S

Therefore, one obtains
Meas ({(G,H) € X : Ipc m)>1/2 # Preas(G, H) }) < Meas(X\E) < ¢,
and the proof is completed. O

Proof of Corollary[3-3 As a finite set, D is compact and @eas|p is continuous. The rest of the
proof is similar to that of Theorem [3.2] using Lemma and Theorem |4.3 ]

Proof of Theorem[3.} (i) The proof follows the same lines as in the proof of Theorem with
the difference that we approximate

1, if ®opi(G, H) € R,
oG =" TP
0, otherwise,

instead of ®e,s and we use Lemma instead of Lemma

(i) The proof is still similar to that of Theorem [3.2} By Lusin’s theorem, there is a compact
set EC XN q)gblj (R) such that ®qp;|g is continuous with Meas ((X N <I>gblj (R))\E) < e. Using
Lemma and Theorem there exists Fy € Faonn with

sup |F2(G?H)_(I)Ob](G7H)‘ <67
(G,H)EE

which implies that
Meas ({(G, H) € X : |Fo(G, H) — op; (G, H)| > 6}) < Meas ((X ne;. (]R))\E) <e
O
Proof of Corollary[3.5, The results can be proved using similar techniques as in Theorem

and Theorem by noticing that any finite dataset is compact on which any real-valued

function is continuous. |

Proof of Theorem[3.6, By Lusin’s theorem, there exists a compact subset £’ C X such that
Meas(A\X) < €/|Sm x Sy| and that $go1y|ps is continuous. Define another compact set:

E = N (ov,ow)* E C X,

(UV7‘7W)€Sm X Sn
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which is closed under the action of S,, x S,, and satisfies

Meas(X\F) < Z Meas(X\(oy,ow) * E')
(Uv,o'w)esmxsn

— Z Meas((ov,ow) * X\(ov,ow) * E')

(ov, 0w )ESm X Sn

— > p((ov,ow) * (X\E'))

(ov,ow)ESm X Sn

= > ((X\E")
(ov,0w)ESm X Sn
€

< > S X S

(ov,0w)ESm X Sn

= €.

Note that the three conditions in Theorem are satisfied by the definition of ®g),, Corol-

lary and Corollary respectively. Using Theorem there exists Fyy € Flyy such
that

sup |[|Fw (G, H) — ®oia(G, H)|| < 6.
(G,H)eE

Therefore, it holds that
Meas ({(G, H) € X : |[Fw (G, H) — Psoa(G, H)|| > 6}) < Meas(X\E) < e,
which completes the proof. (Il

Proof of Corollary[3.7 One can assume that D is closed under the action of Sy, x S,,; otherwise,
a larger but still finite dataset, U ,, 4 )es,. x5, (OV,0w) * D, can be considered instead of D.
The rest of the proof is similar to that of Theorem since D is compact and Pgopy|p is

continuous. O

APPENDIX G. DETAILS OF THE NUMERICAL EXPERIMENTS

LP instance generation. We generate each LP with the following way. We set m = 10
and n = 50. Each matrix A is sparse with 100 nonzero elements whose positions are sampled
uniformly and values are sampled normally. Each element in b, ¢ are sampled i.i.d and uniformly
from [—1,1]. The variable bounds [, u are sampled with N(0,10). If I; > u;, then we swap
l; and u; for all 1 < j < n. Furthermore, we sample o; i.i.d with P(o; = “ <”) = 0.7 and
P(o; = “="7) = 0.3. With the generation approach above, the probability that each LP to be
feasible is around 0.53.

MLP architectures. As we mentions in the main text, all the learnable functions in GNN

are taken as MLPs. The input functions f¥

V. fW have one hidden layer and other functions
fouts fV {flV, lW,gl‘/7glVV}lL=0 have two hidden layers. The embedding size dy,---,d; are
uniformly taken as d that is chosen from {2,4,8,16,32,64,128,256,512}. All the activation

functions are ReLU.
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Training settings. We use Adam [31] as our training optimizer with learning rate of 0.0003.
The loss function is taken as mean squared error. All the experiments are conducted on a Linux
server with an Intel Xeon Platinum 8163 GPU and eight NVIDIA Tesla V100 GPUs.
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